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ABSTRACT. We develop a method for describing the Galois action on the su-
perspecial locus of the Siegel moduli space in characteristic p. Using this
description, we give a modern treatment for the results of Ibukiyama and Kat-
sura [Compos. Math., 1994] concerning the Fj-rational points and the trace
of a Hecke operator of Atkin-Lehner type. This also leads to analogues with
level-N structure. The trace of the Hecke operator can be reduced into one
term (instead of finitely many terms a priori) by the simple trace formula when
N is large.

1. INTRODUCTION

Throughout this paper p denotes a rational prime number. An abelian variety
A over a field of characteristic p is said to be superspecial if it is isomorphic to a
product of supersingular elliptic curves over an algebraic closure of the ground field.
It is known that every supersingular elliptic curve E over any algebraically closed
field k has a model defined over > (see Deuring [2]); this means that there exists
an elliptic curve E” over 2 and there exists an isomorphism F ~ E’ ®F 2 k over
k; the elliptic curve £’ is called a model of (the isomorphism class of) E over F..
For any g > 1, there is only one isomorphism class of g-dimensional superspecial
abelian varieties over k (due to Deligne, Shioda and Ogus, also see [21, Section 1.6,
p. 13]). Particularly every superspecial abelian variety of dimension greater than
one over k has a model defined over F,. In [12] Ibukiyama and Katsura studied
the fields of definition of superspecial polarized abelian varieties. They showed that
every superspecial principally polarized abelian variety over Fp has a model defined
over IF,,2. They also expressed the number of those which have a model defined over
F, in terms of the class number and the type number of the quaternion unitary
algebraic group in question; see Theorems 1.2 and 1.3 for more details.

Let A, denote the moduli space over F,, of g-dimensional principally polarized
abelian varieties. Let Ay C AQ(E,) be the subset consisting of superspecial points,
called the superspecial locus of A, ® F,. This is a finite and closed subset that
is stable under the action of Galois group G := Gal(F,/F,) (Corollary 3.2). The
unique Fp-model of Ay, called the superspecial locus of A, is denoted by Agy; one
has A, = Ay(F,).

The goal of this paper is to develop a method for describing the Galois action on
Ay. One can regard this as a reciprocity law, which in some broad sense describes
the Galois action on a class space of adelic points in terms of Hecke translations. For
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CM fields, the Shimura-Taniyama reciprocity law describes explicitly the action of
the Galois group Gal(K’/K') on the spaces of abelian varieties of CM type (K, ®),
where K’ is the reflex field of the CM pair (K, ®). This is known as the main
theorem of complex multiplication [31]. For the field of rational numbers, the
action of the Galois group Gg = Gal(Q/Q) on the group of torsion points of the
multiplicative group G, over QQ gives rise to the cyclotomic character w : Gp —
7, which factors through the isomorphism w : Q&b ~ 7%, By the isomorphism
R>OQX\A6 ~ 7% and composing with the inverse map w™' of w, we get a map
recq : QX\A([E — Q&b, which is the Artin reciprocity map. The Artin reciprocity
map classifies all abelian extensions of Q and gives the explicit description of its
maximal abelian extension, known as the Kronecker-Weber theorem (cf. [20, Part
I1]).

Let (Ag, Ao) be a superspecial principally polarized abelian variety over F,,, con-
sidered as the base point in A, via the base change (Ao, Ag) ® F,, =: (Ao, o). To
(Ag, Ag) we associate two group schemes G; C G over SpecZ as follows. For any
commutative ring R, the groups of their R-valued points are defined as

G(R) == {z € (End(Ap) ® R)* |2’z € R* },
G1(R) == {z € (End(Ap) ® R)* |2'z =1},
where the map z — 2’ is the Rosati involution induced by the polarization \y. For
convenience, we often also write G; and G for their generic fibers G g and Gg,

respectively. As a well-known fact (cf. [13], [4], [35, Theorem 10.5], or [39, Theorem
2.2]), there is a natural parametrization of A, by the following double coset spaces

(1.2) d: G(Q\G(Ay)/G(Z) = G1(Q\G1(Af)/Gr(Z) = A,

for which the base point (Ag, Ag) corresponds to the identity class [1], where Z is
the profinite completion of Z and Ay = 7 ® Q is the finite adele ring of Q. As the
abelian variety Ao is defined over F,,, the Galois group G acts naturally acts on the
adelic group G(Ayf). We denote the (arithmetic) Frobenius automorphism in G by
0p; one has o, (z) = 2P for z € F,,.

(1.1)

Theorem 1.1.
(1) The action of G on G(Ay) is given by
(1.3) op(we)e = (moxemy e, (x)e € G(Ay),

where my € G(Q) is the Frobenius endomorphism of Ay over F,.
(2) The natural map d : G(Ay) = Ay induced by (1.2) is G-equivariant.

We now explain the main results of Ibukiyama and Katsura in [12]. We can
select the base point (Ao, Ag) over F, such that the Frobenius endomorphism 7y €
End(Ap) satisfies 713 = —p. The existence of (Ag, \g) is known due to Deuring
(cf. [12]); this also follows from the Honda-Tate theory [32]. Put U := G(Z) and
U(mg) :=Ump = moU.

Theorem 1.2. ([12, Theorem 1])

(1) Every member (A,\) € Ay has a model defined over IF..
(2) A member (A,\) € Ay admits a model defined over Fy, if and only if

(1.4) G(Q)NaU(m)z~t # 0,
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where © € G(Ay) is any representative of the class [x] € G(Q)\G(Ay)/U
corresponding to (A, ).

The second part of the work of Ibukiyama and Katsura concerns the trace of
a Hecke operator of Atkin-Lehner type on the space of automorphic forms on the
group G. Denote by My(U) the vector space of all functions f : G(Ay) — C
that satisfy f(azu) = f(z) for all a € G(Q) and u € U. Let H(G,U) denote the
convolution algebra of bi-U-invariant functions h on G(Ay) with compact support,
called the Hecke algebra. The Hecke algebra H(G,U) acts naturally on the space
My(U) by the following rule:

(15)  hxflz)= /G o BTGy, for kS HG.U), f < MoV),

where the Haar measure on G(Ay) is normalized with volume one on U. Explicitly,
if we write the double coset UyU, where y is an element in G(Ay), into [[I, v U,
and let 1y,y denote the characteristic function of UyU, then one has

(1.6) 1yyo * f(z) = Zf(xyi).

Let R(mg) be the operator induced from the characteristic function 1y (). Let
T(G) denote the set of G(Q)-conjugacy classes of maximal orders in the central
simple algebra End®(4p ® F,) = End(Ay ® F,) ® Q which are G(A ;)-conjugate to
the maximal order End(A4y ® F,). We can write

T(G) = GQ\G(As)/M,

where 9 is the open subgroup of G(A ) that normalizes the ring End(A4y ®F,) ® Z.
The cardinality T' of 7(G) is called the type number of the group G, following
Ibukiyama-Katsura [12]. In the case g = 1, the group G is equal to the multi-
plicative group of the quaternion Q-algebra B, o, ramified exactly at {oo,p}, and
this agrees with the usual definition of the type number, namely the number of
conjugacy classes of maximal orders in B .

Theorem 1.3. ([12, Theorem 2])

(1) The number of members (A, ) in Ay that have a model defined over F, is
equal to tr R(my).

(2) We have tr R(mg) = 2T — H, where H is the class number of G (for the
level group U ).

Remark that the case g = 1 of Theorems 1.2 and 1.3 is due to Deuring, and the
case g > 1 is proved in [12].

As the main application of Theorem 1.1, we give somehow simpler proofs of
Theorems 1.2 and 1.3 (1). We also include an exposition of the proof of Theorem 1.3
(2) but in the language of adeles. As a byproduct, we obtain the following result,
which is implicit in the proof of [12, Theorem 2]. By Theorem 1.1, the action of the
Galois group G on A, factors through the quotient group Gal(F,2/F,). Let A) be
the set of closed points of the finite IF,-scheme Ag; this is the set of Galois orbits
of Ay, and can be also identified with the set of connected components of A,.
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Theorem 1.4 (Theorem 5.9). The composition A, ~ G(Q)\G(A;)/U 2 T(Q),
where pr is the natural projection, induces a bijection between the set of Gal(F 2 /IF,,)-
orbits of Ay and the set T(G) of G-types. In other words, there is a natural bijection
between the set A(g) of closed points of Ay and the set T(G).

In some sense we have the following equality in the “arithmetic side”

(1.7) tr R(mp) =27 — H
and its mirror in the geometric side
(1.8) [Ag(Fp)| = 2| Ag| — Ay

where Ay(F,) C A, is the subset of Fp-rational points. Moreover, this is the term-
by-term equality; see Theorems 1.3 and 1.4.

The explicit computation of the class number H is extremely difficult; see [9] for
the case g = 2. However, if we add a prime-to-p level structure to the superspecial
locus and form a cover Ay 1y of Ay, then one can compute the cardinality [Ag 1 n|
rather easily using the mass formula:

(1.9)
g(g+1)/2
29

Ag| = | CSpy, (z/Nzy) TR {H ¢ - %)} LG + -1,
k=1 k=1

where ((s) is the Riemann zeta function. See Ekedahl [4, p.159] and Hashimoto-
Ibukiyama [9, Proposition 9], also cf. [38, Section 3]. This leads us to examine
whether the analogous statements for (1.7) and (1.8) can be extended to the ob-
jects with prime-to-p level structures, and whether all the terms can be computed
explicitly. This is the content of the second part of this paper.

We first describe the Galois action on the superspecial locus with a (usual)
prime-to-p level structure. Let N be a prime-to-p positive integer. Let A, 1 v
denote the moduli space over F, of g-dimensional principally polarized abelian
varieties with a (full) symplectic level-N structure; see Section 6.4 for details. Let
A_gp ) = (Ag,1,N)ptnv be the tower of Siegel modular varieties with prime-to-p level
structures. Let 7\9 C .»Zép ) ® Fp be the superspecial locus, which is the tower of
superspecial loci Ag1 n C Ay 1,v ® F, for all prime-to-p positive integers N; A,
is a profinite set together with a G-action. Let T(®)(Ag) := ez, Te(Ao) be the
prime-to-p Tate module of Ag; it is equipped with an action of G so that we have
a Galois representation

p:G— GZP) C G(AR),
where Z®) .= H#p Zy and Afc = 7)) @ Q is the prime-to-p finite adele ring of
Q. We fix a point (A, Ao, @) € Ay over (Ag, o), where ag : (Z()29 ~ T®)(Ag)
is a trivialization which preserves the pairings up to an element in (Z®)*. The
trivialization &g induces an isomorphism

Z.O : G(AZ;‘) = GSpQg(AI})7
and a Galois representation

po =ioop: G — GSpy,(AY).

Let G act on GSp,,(A’;) by the action po:

(1.10) o-x=py(o)r, Yoeg, e GSpy(Ah).
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Proposition 1.5. There is an isomorphism (depending on the choice of &g)
b : Ay = io(G(Z(y)))\ GSpag(AT)
which is compatible with the right GSp,,(A'})-action and the (left) G-action.

The action of the Galois group G on the finite subset A, 1 n somehow contains
a twist which comes from the trivialization between Ag[N] and (Z/NZ)?9. This
forces the subset Ay 1 n(F,) of Fp-rational points to be empty when N is large. As
a result, the analogous result for A, ; y as in (1.8) (the geometric side) is false.
However, the formulation of (1.7) (the arithmetic side) extends well without any
modification. To correct the identity (1.8) for higher level, we introduce a new
level-N structure for members in A, which relies on the base point (Ag, Ag). This
yields a cover A} y of A4 for whlch the Galois action becomes well-behaved. As
a result, Theorems 1.2, 1 3 and 1.4 can be generalized without any difficulty from
the present approach; see Theorem 6.6. Note that the sets A} y and Ay1 N are
isomorphic as Hecke sets but they have different Galois actlons

We use the simple trace formula to compute the trace of the Hecke operator
R(mp). Our final result says that when N is sufficiently large, tr R(m) is reduced to
the product of the mass of the centralizer G, of my and a standard orbital integral;
see Theorem 8.9 for details. We remark that one can calculate the mass of G,
explicitly using the methods of G. Prasad [25] or of Shimura [30], and that the
orbital integral is of purely local nature. Note that we had an explicit formula for
the class number Hy = Ay 1, n| (1.9) due to Ekedahl and others; knowing one of
tr R(mp) and the type number would know the other.

The method of the present paper works for more general Shimura varieties. One
can apply it to describe the Galois action on the minimal basic locus (also called the
superspecial locus in [33]) in the reduction mod p of a PEL-type Shimura variety.
See [18] and [27] for precise definitions of these moduli spaces and basic abelian
varieties. We call a basic polarized abelian variety (A, A,¢) with an Opg-action (for
an order Op in a semi-simple Q-algebra B) minimal if Endo, (A)®z, is a maximal
order. These are natural generalizations of superspecial abelian varieties. The
existence of basic points is known due to many people in many cases (see [32], [36],
[5], [22], [37], [33]). The existence of minimal basic points can be deduced using the
method in [40, Theorem 1.3]. The parametrization of the minimal basic locus by
double coset spaces (similar to (1.2)) is also available; see [39, Theorems 2.2 and
4.6]. For describing the Galois action, our study indicates that a good base point
in the minimal basic locus plays a crucial role in the general theory.

There has been a theory of modular forms mod p initiated by Serre [29] and more
generally on algebraic modular forms developed by Gross [8] where the superspecial
locus plays an important role. Under the framework of Gross’ theory, Ghitza [7]
proved the Jacquet-Langlands correspondence (JLC) modulo p between modular
forms on GSp,, and algebraic modular forms on its compact inner form “twisted
at p and 0o”. He obtained this by restricting modular forms mod p to the Siegel
superspecial locus, and used the meaning of modular forms as global sections of an
automorphic bundle. The result of Ghitza has been generalized by Reduzzi [28] to
the Shimura varieties attached to unitary groups GU(r, s) associated to imaginary
quadratic fields where the prime p is inert. The description of Fp-structure of the
superspecial locus of this paper should provide finer information to the theory of
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algebraic modular forms. For example, the Frobenius map is closely related to an
Atkin-Lehner involution. One can also consider the refined JLC modulo p with
respect to the decomposition of automorphic forms by the Galois action.

The paper is organized as follows. Section 2 collects elementary properties of
schemes transformed by Galois groups and recalls Weil’s descent theorem for vari-
eties. In Section 3 we study the field of definition for the superspecial locus as well
as NP and EO strata. Proof of Theorem 1.1 is given in Section 4. In Section 5 we
show that results of Ibukiyama-Katsura mentioned above follow from Theorem 1.1.
In Section 6, we treat the situation with a prime-to-p level structure and generalize
Theorems 1.2, 1.3 and 1.4 to higher level structures. Similar results for the non-
principal genus case are also included. We abstract the properties of computing
tr R(mp) and work on the trace formula in a slightly more general content. As a
result, we reduce the calculation of trace of R(m) to certain more manageable terms
when the level group is small.

2. PRELIMINARIES

In this section we include elementary properties about schemes transformed by
Galois groups and Galois descent. This is for the reader’s convenience.

2.1. Let f : X — S be a morphism of schemes, and let 7 : T — S be a base
morphism. Write X1 := X xg T for the fiber product, and hence we have the
cartesian diagram

Xr 45 X

(2.1) lfT lf

T —— 8.
Let T" be a T-scheme, which also regarded as an S-scheme via 7. If t' € X (17),
then 7x ot € Xg(T'). By the functorial property of the fiber product, we get a
canonical isomorphism

(22) TX - XT(T/) :) Xs(T/)

2.2. Let f: X — Sand 7:T — S be as above. Regarding X as a contravariant
functor, one has a map X(S) — X(T). Composing with the canonical isomor-
phism (2.2), we get a map,
(2.3) 75 X (S)—Xr(T).

Suppose that S = Spec A is affine. For any o € Aut(A), the group of ring
automorphisms of A, we have the cartesian diagram

(e")x

7X X

(2.4) | |/

S —7 5 8.
where 0* : S — S denotes the induced isomorphism and X := X xg,- S. Note
that as schemes, there is a natural morphism from °X to X only. The naive Galois
action on the solutions of X gives a mapping, through (2.3),

(2.5) 0.t X(A) — X (A).
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However, this map does not arise from a morphism of schemes in general.
For any two elements 01,09 € Aut(A), one easily sees the relations:

(2.6) 03007 = (0102)", 7'(72X) = 772X, and (03)x o (07])(e2x) = (0102)%,
and

(2.7) 014025 = (0102)x : X(A) =2 22X (A) Ty 192X (A),

We remark that these relations (2.6) and (2.7) still hold if we replace the automor-

phism group Aut(A) by the monoid End(A) of ring endomorphisms of A.

2.3. Let fx : X — S and fy : Y — S be two schemes over S. Let 7: T — S be
a morphism of schemes. If f : X — Y is a morphism of schemes over S, then we
denote by f7 : X — Y7 the induced morphism of schemes over 7. So we have the
following cartesian diagram

Xr —— X
(2.8) lfT lf

Yr —— Y.
If 7/ : T" — T be a T-scheme, then we have the relations
(2.9) )7

Following from functorial properties, we have the following commutative diagram
(cf. (2.3)) of sets

’

= f”/, Tx 0Tx, = (77")x, and 7y ory = (77")y.

X(S) —— Xp(T)

(2.10) | |

Y(S) —— Yo (T).

~

In general this is not induced from morphisms of schemes (under 7' = .S). However,
in some special situation we do have such an analogue; see (3.2).

Suppose that S = Spec A and T' = Spec B are affine. Let Auta(B) be the group
of A-automorphisms of B. For each element o € Aut4(B) and f € Homp(X ®4
B,Y ®4 B), the action of o on f is defined to be o(f) := “f (see (2.4)) in the

cartesian diagram:

XT L) XT
(2.11) la(f) lf
Yr U—;> Yr.

Then o1(02(f)) = (o102)(f), for 01,092 € Auta(B). That is, the group Aut4(B)
acts on the set Homp(X ®4 B,Y ®4 B) from the left.
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2.4. Galois descent. We recall Weil’s descent theorem for varieties. By a variety
over a field k we mean a scheme of finite type of k£ that is geometrically irreducible.
Let k/ko be a field extension; we say a variety V over k is defined over ky if there
exists a variety Vp over ko and there exists an isomorphism f : Vj ®g, k >~ V of
varieties over k. In this case, the pair (Vp, f) is called a model of V over kq. Let k
be a finite separable extension of a field kg, and let V be a variety over k. Let ko be
the algebraic closure of kg, and let J := Homy, (k, ko) be the set of field embeddings
of k into ko over ko. The Galois group Gy, := Gal(ko/ko) acts naturally on the
finite set J from the left: For ¢ € J and w € Gy, set wo = w o o. For each element
o € J, we write °V for the variety V ®y, » ko over ky. Suppose that there is a variety
Vo over ko and there is an isomorphism f : Vo ®, &k >~ V of varieties over k. For
each o € J, we have an isomorphism °f : Vg := Vp kg ko — °V over ky. Then, for
o, 7 € J, we have an isomorphism

frio="fo (Pt VIV

of varieties over ko. It is easy to check that the morphisms f; , satisfy the following
conditions:

(i) frp= froo fo,p forall r,o,p €,

(ii) furwe =w(frs) forall 7,0 € J and w € G, .

Conversely, Weil showed that these necessary conditions are also sufficient for V'
over k to have a model (Vp, f) over kg, provided that V is quasi-projective over k.

Theorem 2.1. (Weil [34, Theorem 3]) Notations as above. Assume that V is
quasi-projective over k, and that for each pair of elements 7,0 € J, there exists
an isomorphism fr, : °V = TV such that the conditions (i) and (ii) are satisfied.
Then there exists a model (Vy, ) of V' over ko, unique up to an isomorphism over
ko, such that f., = "f o (°f)71, for all T,0 € 7.

Moreover, if V' is quasi-projective (resp. affine), then the variety Vi is quasi-
projective (resp. affine).

If the extension k/kq is Galois, letting a, := f,1 : V — °V, then the conditions
(i) and (ii) are equivalent to the 1-cocycle condition a., = 7(ay) o a, for all 7,0 €

Gal(k/ko):

3. ABELIAN VARIETIES IN CHARACTERISTIC p

3.1. Let S be an Fj,-scheme, and let fx : X — S be an S-scheme. Denote by
Fs:S — S (resp. Fx : X — X) the Frobenius morphism on S (resp. on X), which
is obtained by raising to the p-th power on its functions. Denote by

X(p) 5:XXS,FSS
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the base change of X with respect to the morphism Fg. Let Fx,g be the relative
Frobenius morphism of X over .S, which is defined by the following diagram:

(3.1) X Fx

Yi/s

X o x

f
lf;(f) lfx
F

S—255

Let fy : Y — S be an S-scheme, and let f : X — Y be a morphism of schemes
over S. We write f®) for the morphism X® — Y ®) induced by the base change
morphism Fg : S — S. Hence, we have the following cartesian diagram and
commutative diagram

xX® s x  x Psoovw

(3.2) T VAV Iz

Y(p) [EEEEEN K Y Fy,s Y(p)

Note that the second diagram is not necessarily cartesian. If we write F'rob, for the
Frobenius map Og — Og raising to the p-th power, then we also write Frob,(f)
for f®).

3.2. Let A be an abelian variety over a perfect field k of characteristic p. Let
M*(A) be the classical contravariant Dieudonné module of A. Let W(k) be the
ring of Witt vectors over k, and let o, be the Frobenius map on W (k). If K is a
perfect field containing the field k&, then we have

(3.3) M*(A®y K) = W(K) @wx) M*(A).
In particular, we have
(3.4) M*(AP)) = W (k) @w (), 0, M*(A)
By definition, the Frobenius map F on M*(A) is given by the composition of the
(W (k)-linear) pull-back map
Fiyp : MY (A®) > M*(4)

and the o,-linear map

1@id: M*(A) = W (k) @w k), s, M*(A) = M*(AP).
Proposition 3.1. Let X be a p-divisible group over an algebraically closed field k

of characteristic p, and let o be an automorphism of the field k.

(1) The p-divisible groups X and °X have the same Newton polygon.

(2) The p-divisible groups X and °X have the same FEkedahl-Oort type. That
is, there exists an isomorphism X[p] ~ °X|p] of finite group schemes over
k, where X[p] denotes the finite subgroup scheme of p-torsion of X.

(3) If X is superspecial, then so °X is.
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PrOOF. (1) Let Xy be a p-divisible group over F,, which has the same Newton
polygon as X does. Choose an isogeny ¢ : Xo — X over k. Then we have the
commutative diagram

o

X <7 Xy= Xy =X

S

Spec k

This shows that there is an isogeny between the p-divisible groups X and °X.

(2) According to the classification of the truncated BT groups of level 1 (see [24]),
there is a p-divisible group Xy over F,, such that an isomorphism X [p] ~ Xo[p] over
k exists. Applying the automorphism o on this isomorphism, we get an isomorphism
X [p] =~ “Xo[p] = Xo[p] over k. This proves (2).

(3) Since X is superspecial, we have FM*(X) = VM*(X). This yields that
FM*(°X) = VM*(°X). Therefore, the p-divisible group ?X is superspecial. §

Recall that A, is the superspecial locus of A, ® F,,. The following result follows
from Proposition 3.1 (3).

Corollary 3.2. The action of the Galois group G := Gal(F,/F,) on the set Ay(F,)
leaves the superspecial locus A4 invariant.

3.3. For any abelian variety A over a field of characteristic p, we write A(¢) :=
A[£°°] for the associated ¢-divisible group, and Ty(A) for the Tate module module
of A in the case £ # p. Let o, be the Frobenius automorphism in G.

Lemma 3.3. Let Ay be an abelian variety over F,. Let mo be the Frobenius endo-
morphism of Ay over Fp,.
(1) For any endomorphism f € Endg (Ao ®TF,) of Ao ®F,, we have the com-

mutative diagram of abelian varieties over I,

Ao ®Fp % AO ®Fp

(3.5) lwo lm)
ey Up(f) ey
AO & ]Fp Emm— AO & ]Fp.

(2) For any prime ¢ and any endomorphism f of the {-divisible group Ao (£)QF,,
we have the commutative diagram of £-divisible groups over ?p

Ao) ®F, —L— A(t) T,

(3.6) lm lm

Ao(0) o F, Y% A4(0) 0 T,
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(3) For any prime £ # p, any endomorphism [ of the Tate module Ty(Ag) and
any element o € G, we have the commutative diagram of Tate modules

T)(Ay) —I— Tu(A)

(3.7) la la
Ty(Ao) 20 Ty(40).

PROOF. The statements (1) and (2) follow immediately from the second commuta-
tive diagram in (3.2). The statement (3) follows immediately from the commutative
diagram (2.10) by letting S = T' = SpecF, and 7 = ¢* and taking the projective
limit. W

3.4. An example. We show that there is a p-divisible group X over an alge-

braically closed field k such that X is not isomorphic to X for some automorphism

o of k. Let Ey be a supersingular p-divisible group of rank 2 over F,> such that
2

the relative Frobenius morphism (from Fy — E(()p ) = Ey) is equal to the morphism

[—p]. Let Xy := E2. The functor

P : (F,2—schemes) — (sets), P(T'):=Homyp (o x T, Xo x T)

is representable by the projective line P! over F,2. Since any morphism ¢ €
Homy (o X T, Xy x T') factors through the morphism (o, X o) x T — X x T, the
group Endg , (a2)* = GLy(F,2) acts naturally on the projective line from the left.
For any point ¢ = [a : b] € P1(k), we write X [a:p) for the quotient p-divisible group
Xo/w(ep)

Lemma 3.4. Two p-divisible groups X{a.;) and X(q.p) are isomorphic over k if
and only if there exists an element h € GLy(F,2) such that hla : b] = [a’ : b'].

We leave this as an exercise to the reader. Take k = F,(t). Let b € k be any
linear fractional transformation such that [1 : b] ¢ GLo(FF,2)[1 : t]. Let o € Aut(k)
be an automorphism which sends ¢ to b. Then the p—dlvmble group “X1.4) = X[1.)
is not isomorphic to X1, over k.

3.5. Relationship between p-divisible groups X and °X. Let ¢,d be two
positive integers. Let p-div(d, c¢)(k) be the set of isomorphism classes of p-divisible
groups X of dimension d and of co-dimension ¢ over a field k of characteristic p.
By a p-adic invariant ¢ we mean the association to the equivalence class for an
equivalent relation ~ on p-div(d,c)(k) that is defined using the morphisms F™,
V™ and [p"], for some integers m,n,r. For any two p-divisible groups X, Xy €
p-div(d, ¢)(k), we write (X1) = ¥(X2) if X; ~ Xo. Examples of equivalence
relations (over an algebraically closed field) are:

(i) Define X; ~ Xs if X is isogenous to X». In this case, the p-adic invariant
1) associates to X its Newton polygon NP(X).

(ii) Define X; ~ Xy if there exists an isomorphism X [p] ~ Xs[p]. In this case,
the p-adic invariant ¢ associates to X its EO type ES(X); see Oort [24]
for detail descriptions of EO types.

(iii) Define X; ~ Xs if there exists an isomorphism X; ~ X5. In this case, the
p-adic invariant 1) associates to X the isomorphism class of itself.
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A p-adic invariant 1) is said to be discrete if the image
U (k) = {(X); X € p-div(d, c)(k) }
is finite for any algebraically closed field k D F,. The p-adic invariants in (i) and
(ii) are discrete, while the p-adic invariant in (iii) is not.

Proposition 3.5. Let ¢ be a discrete p-adic invariant on the set p-div(d,c)(k),
where k is an algebraically closed field of characteristic p. Then there is a p-power
integer ¢ € N such that

P(X) =(°X)
for all X € p-div(d, c)(k) and o € Gal(k/F,).

PROOF. Since 9 is discrete, there is a p-power integer ¢ € N such that for any
X € p-div(d, ¢)(k), there is a p-divisible group X, over F, such that

(3.8) P(X) = (X0 @, k).

(otherwise ¥(F,) would be infinite). We apply any element o € Gal(k/F,) and get
Y(°X) = ¥(Xo ®F, k). Then the assertion follows. N

Due to the example in Section 3.4, Proposition 3.5 seems to be the best we can
hope for about the relationship between the p-divisible groups X and °X.

4. PROOF OF THEOREM 1.1

4.1. Let Ay = (Ao, o) be a g-dimensional superspecial principally polarized abelian
variety over F,. Recall that to the polarized abelian variety A, we associate two
group schemes G; C G over Z as (1.1). Let v : G — Gy, be the multiplier char-
acter; we have ker v = ;. Recall that o, denotes the Frobenius automorphism in
G = Gal(F,/F,), and 7 is the Frobenius endomorphism of A over F,,.

Lemma 4.1. We have my € G(Q).

PrOOF. Choose any prime ¢ # p. The polarization g induces the Weil pairing
eo: To(Ao) x To(Ao) — Ze(1), which is G-equivariant. Then we have (cf. Lemma 3.3
(2) and (3)) es(mzo, moy) = ee(opx, opy) = pee(x, y) and myme = p on Ty(Ap). Since
the ¢-adic representation is faithful, 7o € G(Q). B

Proposition 4.2. The action of G on G(Ay) is given by

(4.1) Up(.’bg)g = (Woxgﬁal)z7 ((Ee)g € G(Af).

Proor. It suffices to show that for any prime ¢ (including p), the action of G on
End(4o ® F,) ® Zy is given by

(4.2) opte = Toxemy L, w0 € End(Ap @ Fp) ® Zy.
Since Ay is supersingular, we have the natural isomorphism

End(4¢ ® F,) ® Zy ~ End(A(¢) @ F,,).
The relation (4.2) then follows from Lemma 3.3 (2). B
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4.2. We now describe the map
di : G1(Q\G1(Af)/Gr(Z) ~ A,

and show that it is G-equivariant. We introduce some notation.

Notation. Let k be any field. Let ¢ be a prime, not necessarily invertible in k. For
any object A = (A4, ) in A, over k, we write A(¢) := (A, X)[£>°] for the associated
{-divisible group with the induced quasi-polarization. For any two members A, =
(A1, A1) and A, = (Az, A2) in A, over k, denote by
e Isog,(A;, A,) (resp. Isomg (A, Ay)) the set of quasi-isogenies (resp. isomor-
phisms) ¢ : A1 — As over k such that ¢*Ay = Ay, and
o Isog; (A;(¢),Ay(£)) (resp. Isomy(A;(£),A,(£))) the set of quasi-isogenies
(resp. isomorphisms) ¢ : A1[(>°] — A3[¢>°] such that p*Ay = A;.
Proposition 4.3. Let (¢¢)¢ € G1(Ay) be an element. Then there exist
o a member A= (A,\) € Ay determined up to isomorphism,
® a quasi-isogeny ¢ € Isogﬁp (A, 4), and
e an isomorphism oy € Isomg (Ao (), A(0)) for each ¢

such that ¢¢ = ¢ o g for all . Moreover, the map d; : Gi(Ay) = Ay which sends
(¢¢)e to the isomorphism class [A] induces a well-defined and bijective map

ds : G1(Q\G1(Af)/G1(Z) ~ A,,.
PROOF. See [35, Theorem 10.5] or [39, Theorem 2.2].

Let (¢¢)¢ € G1(Af) be an element, and let A, ¢, ay be as in Proposition 4.3.
Applying an element o € G, we get

o(¢) € Isogz (A, Ag), o) € Isomg (Ay(€),"A(¢))
and
¢e) = 0(p)oo(a), VL

o(
[7A], that is, the map dy is G-equivariant.
G(Ay) is G-equivariant and it induces a G-equivariant

This yields dy (o/(d¢)¢) =
The inclusion G1(Ay) —
bijection X R
G1QN\G1(Af)/G1(Z) ~ G Q\G(Af)/G(Z).

Let

~ B £ d

d: G(Af) = GQ\G(Af)/G(Z) ~ G1(Q\G1(Af)/Gr(Z) = A,
be the composition. Therefore, the induced map d : G(Ay) — A4 is G-equivariant.
This proves Theorem 1.1.

Remark 4.4. For a suitable choice of the base point (A, Ag) as the product of copies
of Fy with 71'%0 = —p, one easily sees that my can be represented as the matrix

0 —pl

I, (I
for a suitable identification End”(Ag) ~ My(Bpoo) C May(Q(v/=p)), where I,
is the identity matrix of size g. The action of Frobenius automorphism o, on

G(Q)\G(Af)/G(Z), according to Proposition 4.2, is an involution of Atkin-Lehner
type.
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5. PROOFS OF THEOREMS 1.2 AND 1.3

In this and the next sections, we fix a base point (Ag, Ag) over F, as
(5.1) (Ao, M) = (E7, 15),

where Ej is a supersingular elliptic curve over F, satisfying 7T125~0 = —p, and po is
the canonical polarization on Ey. Let G be the group scheme over Z associated to
(Ag, Ao) as in (1.1).

5.1. Proofs of Theorems 1.2 and 1.3 (1).

Proposition 5.1. Every member (A, \) in Ay has a unique model defined over Fz,
up to isomorphism over Fp2, such that the quasi-isogeny ¢ in Proposition 4.3 can
be chosen defined over F..

PRrROOF. This refines [12, Lemma 2.1]. Let (¢¢) € G1(A[) be an element such that
the class [(¢¢)] corresponds to (A4, \). Let ¢ and ay for all £ be as in Proposition 4.3.
If o € Gal(F,/F,z2), then by Theorem 1.1 we have o (¢) o o(ay) = ¢ o oy, and hence
b0 = ¢ toa(d) : (TA,7N) = (A, N) is an isomorphism. For 0,7 € Gal(F,/F,z2), put
frio=¢7 0ds : (A, °N) ~ (TA, "A). Then it is easy to check that the conditions
(i) and (ii) of Theorem 2.1 for f, , are satisfied. Therefore by Weil’s Theorem, there
exist a model (A1, A1) over Fy2 and an isomorphism f : (A1, A1) ®r , F, ~ (4,))
such that ¢, = foo(f)~t. We get o(po f) = ¢o f, and hence ¢, := ¢po f is a
quasi-isogeny in Isog]Fp ,(AAy)

Suppose that (Az,A2) is another model over F,> of (A4,)) such that the set
IsogIFp2 (As, Ay) is non-empty. Then we can choose ¢ € Isong2 (Ay, 4) such that

Oy Y1 : A, — A, is an isomorphism, which is defined over Foe.

Definition 5.2. We shall call the unique model A, obtained in Proposition 5.1 the
canonical model of (A, \) over Fp2. Note that if A, is a canonical model over F2,
then the Frobenius endomorphism 74, of A; over 2 is equal to —p, and hence
every endomorphism in Endg (A1 ® F,) is defined over F .

Let A, C A, be the superspecial locus; Ay = A,(F,) classifies Fj-isomorphism
class of g-dimensional superspecial principally polarized abelian varieties. The set
A4(Fp) of F-rational points consists objects in Ay that are fixed by oy,. It follows
from Theorem 1.1 that Ay(F,2) = Ag.

Proposition 5.1 allows us to identify A, with the set of Fj2-isomorphism classes
of g-dimensional superspecial principally polarized abelian varieties (A1, A1) over
Fp> such that the set Isogg , (A, A,) (see Section 4.2) is non-empty.

Recall that U := G(Z) € G(Af) and U(mo) := Umg = moU C G(Ay).

p

Proposition 5.3.

(1) Let (A, \) be a member in Ay and let [z] € G(Q)\G(Af)/U be the double
coset corresponding to (A, X). Then (A, ) lies in Ag(F)) if and only if

(5.2) G(Q) NzU(m)z~t # 0.
(2) We have |Ay4(F,)| = tr R(mo).
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PRrROOF. (1) The isomorphism class of (A4, \) is fixed by o, exactly when [z] =
[moxmy ] = [#mo]. Therefore, there are some elements u € U and a € G(Q) such
that = = azmou. We get a=! = zmouxz~!. This is equivalent to condition (5.2).

(2) By Theorem 1.1, R(m) is the operator induced by the action of o, '. There-
fore, the number of fixed points of o, is equal to tr R(m). B

Lemma 5.4. Let (A, \) be a polarized abelian variety over Fp, and suppose that
the field of moduli of (A, A) is Fpa. Then (A, X) has a model defined over Fpa.
Particularly, any member (A,\) € Ay(F,) admits a model defined over Fp,.

PROOF. Put ¢ := p® and let 0 : @ — 27 be the Frobenius automorphism in
Gal(F,/F,). Suppose (A, \) has a model (A1, A1) defined over F,e for some positive
integer c divisible by a. Increasing c if necessary, we may assume that Ende (A) =

Endp,. (A1). As the field of moduli of (A, \) is Fya, there exists an isomorphism
ay : (A, N) = (74, °N)

of polarized abelian varieties over F,. Let

“YHay) - o(ay)ay : (A, N) = (A, N)

by =0

be the composition. Since b, is an automorphism of (A4, A), it is of finite order, say
b =1 for some m > 1. It follows from End(A) = End(A;) that o°(b,) = b,. We
get

(5.3) o™ ag) - o(ax)as = 1.

Define a,n» := o(agn—1)a, recursively. The collection of automorphisms a,n» satis-
fies the 1-cocycle condition for the Galois extension Fyme/Fy, by (5.3). Then by
Weil’s criterion (Theorem 2.1), there exist an abelian variety A’ over F, and an
isomorphism f : A’ @ F, ~ A such that a, = o(f) o f~1. Set X' := f*\. Using
A=aXo(N), we get
N'=fAf = flazoN)f

= flago(Nag f = o(f)a(Na(f) =a(N).

This shows that (A’, \') is a model defined over F, of (4,)). N

(5.4)

Theorems 1.2 and 1.3 (1) follow from Propositions 5.1, 5.3 and Lemma 5.4.
We remark that the same proof of Lemma 5.4 also shows the following general-
ization:

Proposition 5.5. Let (X,&) be an (irreducible) variety over F,, together with an
additional structure & which is defined algebraically. If the automorphism group
Autg (X, &) is finite and assume that the Weil descent datum for (X, &) is effective,
then (X, &) has a model defined over the field of moduli of (X,§).

When X is quasi-projective and & is a polarization (an algebraic equivalence
class of an ample line bundle) and/or a morphism in Mor(X™, X™), where X™ =
X X - - X X is the m-fold fiber product of X, the assumption of the Weil descent
datum holds for (X, ¢).
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5.2. Proof of Theorem 1.3 (2). Let D be the group scheme over Z representing
the following functor

R — (End(Ey @ Fp) ® R)*,
where R is a commutative ring. In particular, D(Q,) = (Bp.co ® Q,)*. We regard
D as a subgroup scheme of G through the diagonal embedding. Let Z be the center
of G.

Lemma 5.6.

(1) For any prime { # p, the subgroup N¢ of G(Qq) which normalizes the
mazimal order End(Ay @ F),) ® Zy is Z(Qe)G(Zy).
(2) The subgroup N, of G(Q,) which normalizes the mazimal order End(Ao ®

F,) ® Z, is D(Q,)G(Z,).

PROOF. We sketch the proof; the omitted part is mere straightforward computa-
tion. Put Hy := Z(Q;)G(Zy), for £ # p, and H,, := D(Q,)G(Z,). It is clear that the
group H, normalizes the order O, := EndFP(Ao) ® Z,,. It suffices to show that any
element g in N, /H, is the identity class. By the Iwasawa decomposition, we have
G(Q,) = P(Q,)G(Z,), where P is the standard minimal parabolic subgroup over
Q,. We may assume that a representative gy (resp. gp) is a upper triangular matrix
in G(Q¢) C M2g(Qg) (resp. in G(Qp) C My(Bp,0o ®Qp). Let E;; denote the matrix
in which the (i, j)-entry is 1 and others are zero. It follows from g, E;;g, ' € O, for
all 4, j (by looking at its (¢, j)-entry) that the diagonal entries of g, have the same
valuation. Modulo H,,, we may assume that g, lies in the group of upper triangular
unipotent matrices. It follows from g, E;;g, ! € O, for all i that every entry of g,
is integral and hence g, € G(Z,). This shows the lemma. N

Remark 5.7. One can also use the Cartan decomposition to show Lemma 5.6.

Let U be the open subgroup of G(A ) generated by the open compact subgroup
U and the element my. Since my normalizes U and ng* ¢ U for m # 0, we have
U= U Ung', (disjoint).
mEZ

Consider G(Q) as a subgroup of G(Q,) for each place v, and identify mg with its
image in G(Q,). Note that mop € G(Z;) for £ # p, and my € D(Q,), which is also a
uniformizer of the division quaternion algebra B) o ® Q,. We have

U=U,xU?, U,= ] G(Z)ry" = D(Q,)G(Zy),
meZ
where U? =[], G(Z¢).

Corollary 5.8. Notations as above. The natural map
GQ\G(A)/U = T(G) = GQ\G(Af)/N
is bijective.
Proor. By Lemma 5.6, we have
G(Q\G(As)/MN = GQ\G(Af)/(T, x Z(AR)U?).
The latter is equal to
G(Q{1} x ZADNG(A)/ (T, x UP) = GQ)({1} x Z(ZP)\G(Ag)/T.
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Since Z(ZP) C UP, the latter is equal to G(Q)\G(A;)/U. This finishes the proof.
Note that the proof uses class number one of Z. 1

Theorem 5.9. The natural projection pr : G(Q)\G(Ay)/U = Ay — T(G) induces
a bijection between the set of Gal(Fy,2 /Fp,)-orbits of Ay the set T(G).

Proor. By Corollary 5.8, the map A, — 7T(G) is simply the projection map
pr : GQ\G(Ay)/U — G(Q)\G(Af)/fj, and the Frobenius o, = o, ' acts as
[z] — [zmo] for x € G(Ay). Since mp normalizes U, we have pr([z]) = pr([zmo]).
Suppose pr([z]) = pr([y]) for z,y € G(Af). Then y = azn§'u for some m € Z,
u € U and a € G(Q). Since 72 = —p is in the center, we may assume m = 0 or 1.
Then [y] = [zn{"] for m = 0 or 1. This completes the proof. I

Let A} := Ay4(F,)¢ be the complement of Ay(TF,) in A,. Theorem 5.9 shows that
1
(55) S+ 1Ay (F,)| =T
By H = |[Ay| = [A}] + [Ay(Fp)| and tr R(mo) = |Ay(F,)], we get
tI‘R(Wo) =27 — H.
Theorem 1.3 (2) is proved.

Remark 5.10. We discuss a bit some relationship between Proposition 5.1 and
Lemma 5.4. We call a model (A4’, X’) over F,, of a member (A, \) in Ay (F,) nearly
canonical if the set Isog]Fp2 (A’, Ay) is non-empty, that is, the base change (A’, \')®p,
[F,2 is the canonical model over [F,2 (Definition 5.2). We do not know whether or
not any member (A4, A) in Ay(F,) admits a model over F,, which is nearly canonical.
The object (A, A) admits a nearly canonical model over F, if and only if one can
choose an automorphism a,, : (4,\) >~ (“7A, 7)) such that o, (as,)as, = 1.

For g =1 and g = 2,3, the set A; has only one member E as the class number
of Bp o is one. Therefore, A;(F,) = A; and any supersingular elliptic curve Ey
over F, is a model of E. The Weil polynomial of Ey is t* + 2, or t> & 2t + 2 for
p=2,and t> 4+ 2, or t* £ 3t + 3 for p = 3. Thus, we conclude that a model over F,
of a member (A4, ) € Ay(F,) is not unique in general, and is not necessarily to be
nearly canonical.

6. VARIANTS WITH LEVEL STRUCTURES

In this section, the ground field for abelian varieties, if not specified otherwise,
is always IFp.
6.1. We keep the notation as in the previous sections. Let N be a prime-to-p
positive integer. Let U be the kernel of the reduction map G(Z®)) — G(Z/NZ),
Up := G(Zy), and Uy := U, x U}, where Z®) := ][, Zs.
Definition 6.1. Let (A, \) be a member of Ay. A level-N structure on (A, \) with
respect to A, (over Fp) is an isomorphism 7y : Ag[N] ~ A[N] over F, such that
there exists an automorphism ¢ € Autg_ (un) = (Z/NZ)* such that
(6.1) ex(n(x), n(y)) = Cexy(x,y),  Va,y € Ao[N],

where ey : A[N] x A[N] — pn denotes the Weil pairing induced by the polarization
A
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Denote by A7 v the set of isomorphism classes of objects (A4, A, ny) over F,,
where
o (A, X)) €Ay, and
e 7y is a level-N structure on (A4, \) with respect to A,.
Two objects (A,\,nn) and (A’, N, n}) are isomorphic, denoted as (A4, \,nn) =~
(A, N, 1), if there exists an isomorphism ¢ : A — A’ such that ¢*\ = X and
N = 7. By an object (A, \,ny) over a subfield ko C F, we mean that both
(A, A) and ny : Ag[N] =~ A[N] are defined over ky. As noted in Section 1, the main
purpose of introducing A;, n is to make a precise meaning in the geometric side of
(1.7).
For any prime ¢, let
Glsom(4o (€), A(1))

denote the set of isomorphisms 7 : Ag[(>°] — A[¢>°] (over F,) such that n*\ = (Ao
for some ¢ € Z;; it is a right G(Z)-torsor. (The letter “G” stands for preserving the
(quasi-)polarizations up to scalars. Compare the definitions Isog(-,-) in Section 4.2
and GlIsog(-,-) in Section 6.2.) For such 7, one has

(62) ek(ﬂ(f)ﬂ?(y)) = Ce)\o(x’y)v V:L',y € AO[gm]a vm >1le 7.

If n is an element in [, GIsom(A,(¢), A(¢)), where ¢ runs over all primes in Q, then
the restriction 7| 4,n] of 7 to Ag[N] is a level-N structure on (A, \) with respect
to Ay. Conversely, we have

Lemma 6.2. Any level-N structure ny on (A, \) € A, with respect to A, can be
lifted to an element 1 in [], GIsom(Ay(¢), A(€)).

PrOOF. We may assume that N = " is a power of ¢ and show that nx can be
lifted in GIsom(A,(¢), A(¢)), where ¢ # p. Since Ay(¢) is isomorphic to A(¢), we
may also assume that A = Ag. We have End(A4p) ® Zy ~ End(Ay(¢)), and hence
G(Z¢) = GIsom(A4,(£), Ay(¢)). On the other hand, the group G(Z/¢™Z) consists of
elements @ € End(A4o(¢))®(Z/¢™Z) such that ¢'¢ = ¢ € (Z/¢™Z)*. We shall show
the natural map End(A4o(¢)) ® Z/¢™mZ — End(Ap[¢™]) is an isomorphism. It then
follows that G(Z/¢™Z) is isomorphic to the group of elements 7 € End(A[¢™]) such
that n*ex, = Cex, for some ¢ € (Z/¢™Z)*. It follows from the smoothness of G®Z;,
(as G ® Zy ~ GSpy,) that the reduction map G(Z;) — G(Z/{™Z) is surjective.
Therefore, the element 7 can be lifted to an element ¢ € GIsom(A,(¢), Ay (¢)).

Since ¢ # p, we have End(Aq(¢)) = End(T;(Ap)). Since Tp(Ap) is a finite free
Zg-module, we have

End(Ty(Ao)) ® Z/™7Z = End(Ty(Ao) /0™ Ty(Ag)) = End(Ao[(™)).

This proves the isomorphism End(Ag(£)) ® Z/¢™Z ~ End(Ap[¢™]) and hence the
lemma. §

By Lemma 6.2, each level-N structure ny on (A, A) uniquely determines a Upn-
orbit

(] == {77 € HGISOIH(A()(E)»A@D nlagn) = nN}
¢

in the G(Z)-torsor [1, GIsom(Ay(£), A(¥)).



THE SUPERSPECIAL LOCUS 19

Remark 6.3. (1) One can define the notion of level-N structure on an object
(A, ) in A, with respect to A, in the same way as Definition 6.1 without the
assumption (p, N) = 1. However, Lemma 6.2 fails if p | N because the natural map
End(Ao(p)) ® Z/p™7Z — End(Ag[p™]) is not an isomorphism. For example, let E
be a supersingular elliptic curve, then

End(Ep]) ~ {(‘Z C?p) ‘a EF,2,be Fp}
e End(E(p)) ® Z/pZ ~ { (Z fp> ‘ abe sz} .

(2) For any positive integer N, we call an element

] € /UN

H GIsom(4,(¢), A(¢))
¢

an (Agy, Un)-level structure on the object (A, ) (see [39, Section 2.2]). This is a bet-
ter notion of level-N structure on A. For any subfield ko of F,, an object (A, \, [])
over kg is defined to be an superspecial principally polarized abelian variety (A, \)
over ko together with an (A, Ux)-level structure [] on (A, A\) ® F,, which is invari-
ant under the Gal(F,/ko)-action. One can prove that if the isomorphism class of
an objective (A, A, [n]) over F, is defined over kg, then (A, ), []) admits a model
(A, X, [n']) over kg. The proof is similar to those of Lemma 6.5 and of Theorem 6.6

(1).
6.2. For each object A = (A,\) € A,(F,), we write
T®)(A) = [[ Tu(A)
L#£p
for the prime-to-p Tate module of A, and V(P)(A) := TP (A) @5, A%, where A%
is the prime-to-p finite adele ring of Q. Let
(x: VP(A) x VPN (A) - AR (1) := VP)(Gr)

be the induced non-degenerate alternating pairing, for which T(p)(A) is a self-dual
ZP)-lattice. For brevity, we write V) (A) := (V®)(A), (,),). We introduce some
more notation.

Notation. (1) For any two objects A4, A" in Ay(F,), we denote by

GIsom(V P (4), VP (4"))
the set of isomorphisms 7 : V) (A4) — V) (A’) such that there exists an automor-
phism ¢ € Aut(A%(1)) = (A%)* such that

(6.3) (@), () = @), n(y)hx, Va,y e VP (A).
The letter “G” stands for preserving polarizations up to scalars.

(2) For any field k and two objects A; = (A1, A1) and A, = (Ag, A2) in Ay(k),
denote by GIsog,(Cp ) (A, A,) the set of prime-to-p quasi-isogenies ¢ : A; — Ay over

k such that ¢* A\ = gA; for some g € Z(Xp)7+, where Z(Xp),+ C Z(Xp) denotes the subset
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consisting of all positive elements.

Let A gp ;V denote the set of equivalence classes of objects (4, A, [n]P) over F,,, where
(A, )) € Ay and [n]? is an element in GIsom(V®)(4,),V®)(A))/U%. Two objects
(A, N, [n}p) and (A, N, [n]P) are equivalent, denoted as (A, A, [n]?) ~ (A", X, [/]P),
if there is a quasi-isogeny ¢ € GIsog%;)((A, A), (A7, X)) such that . [n? = [n']P.

There is a natural map f: A} v — A;{’J)\, which sends each object (A, A\,nn) to
(A, A, [n]P), where [n]P is the class of maps n on [],, Ao(¢) whose restriction to
Apg[N] is equal to ny, as we have the identification

[T Glsom(4,(6), A(6)) = Glsom (T (4g), T®(4))
L#p
C GIsom(V(p) (4y), V(p)(A»

Theorem 6.4.
(1) The natural map f : A}y — Agj])v s bijective and compatible with the
action of the Galois group G.
(2) There is a natural bijective map cy : Ag{’])\, — G(Q)\G(Ay)/Un for which
the base point (Ao, N, [id]) is sent to the identity class [1] and cy is G-
equivariant.

ProoF. (1) Let (A,A,nn) and (A, N',n}y) be two objects in A} - such that
(A, N\, [n)?) ~ (A, N,[']?). Then there is a prime-to-p quasi-isogeny ¢ : A — A’
such that ¢*)\ = g\ for some q € Z, | such that [pn]? = [/]P. We may assume
1

(p),+
n = ¢n. As n'n~! maps T )(A) onto TP (A’), the map ¢ = n/n~' induces an
isomorphism from T (A) to T® (A’) Therefore, vs(q) = 0 for all £ # p, and
hence we have ¢*\' = X\ and ¢ny = ). This shows the injectivity.

We show the surjectivity. Let (A, A, [n]P) be an object in A(;jj)\,, where 7 €
GIsom(V®)(A,), VP)(A)). Let ¢ € (A%)* such that 7*(,)x = ((, ), Choose a
positive number «a € Z(Xp) so that a( € (Z(p))x. Choose a prime-to-p quasi-isogeny
¢ on A such that p*\ = aX. Then (A, A, [n]?) ~ (A, A, [¢n]?). Replacing n by ¢n,
we may assume that ¢ € (Z(")*. Let L := n(T®(A4q)) € V) (A)) be the image
of T")(Ag) under 7. By a theorem of Tate, there are a abelian variety A’ and a
prime-to-p quasi-isogeny ¢’ : A’ — A such that the map ¢’ induces an isomorphism

T® (A7) 25 T (A) = L ¢ V) (A);

the pair (A’,¢’) is uniquely determined up to isomorphism by this property. Let
N = ¢™* A, considered as an element in Hom(A’, (A")") @ Z,); one has (,)x =
©"*(,)x. We have the following diagram:

T(p) (Ap), ¢{,
T (A, () ——L,(,)

It follows from @'~ on € GIsom(T®)(A,), T (A)) that ) is a principal polariza-
tion. Then (4, \, [9]?) ~ (A", N, [¢'~! o n]P) and the latter comes from an element
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in A} y. This shows the surjectivity. It is obvious that the map f is compatible
with the action of G.

(2) We define the map cy. Given an object (A, X, [n]?) in A(p) there is a
prime-to-p quasi-isogeny ¢ : A — Ap such that p*\g = g\ for some ¢ € Z(p) 4
Then [pn]? € G(A})/UR. 1If ¢' is another such a morphism, the ¢’ = ayp for
some a € G(Z)). Then the map (A4, A [n?) — [pn]P induces a well-defined

map, denoted by c4;, from A(p) to G(Z))\G(A%)/Uy. Using the isomorphism
G(Zp))\G(A}) /U, ~ G(Q)\G(Af)/UN, we get a map

ey 1 APY — G(Q)\G(Af)/Un.

We need to show that the map c& is bijective and g equivariant. Let A =
(A, N, [n)P) and A" = (A, N, [1']P) be two objects in Ag v, and let ¢, ¢’ be prime-
to-p quasi-isogenies to A, respectively. Suppose that [pn]? = [¢'7]P, that is
ch(A) = c{(A"). Then the morphism a = ¢'"'¢ : A — A’ is a prime-to-p
quasi-isogeny such that a*)\ € Z(X) A and ax[n]? = [']P. This shows the injectiv-
ity.

We show the surjectivity. Let [¢] € G(Z(,))\G(A})/Uy be a class, where ¢ €
G(A%). Let ¢ := v(¢) € (A})*. Replacing ¢ by a¢ for a suitable a € G(Q), we may
assume that ¢ € (Z(p))x. Let L := ¢(T®(A)) c V(P)(A) be the image of T®)(A)
under ¢. By a theorem of Tate, there exist an abelian variety A and a prime-to-p
quasi-isogeny ¢ : A — Ag such that ¢ : TP (A) ~ L ¢ VP)(A). As ¢ is a prime-
to-p quasi-isogeny, A is superspecial. Put A := p*)\g, considered as an element
in Hom(A, A') ® Z,). We have an isomorphism n := ¢~ ¢ : (TP (Ay), (,)x,) =
(TP)(A),¢(,)x). This shows that X is a principal polarization. Then we get an
object (A, A, [n]?) and this is sent to the class [¢] by the construction.

We check the compatibility with the Galois action. Let ¢ € G(A%}) and A =

(AN, [nP) € Aé’j])\, be the element such that ¢} (4) = [¢]. Then there exist an

element ¢ € GIsog%p ) (A, A,) and an element 1 € []? such that ¢ = pon. Applying

any element o in G, we get

o(¢) € GIsog%i)(”A, A,), o(n) € Glsom(V®P (4,), VP (74)),

and o(¢) = () o o(n). This yields ci;(74) = [0(¢)]. 1

Lemma 6.5. Every member (A, \,nn) € A} n has a unique model (A’ X', ny ), up
to isomorphism, over Fp2 such that there exists a prime-to-p quasi-isogeny ¢ : A" —
Ao @ F,2 such that <p*)\0 IS Z D

ProOOF. By Proposition 5.1, (A, A) has a unique model (A’, \) over F,» with the
property. Since the Frobenius endomorphism 74/ of A" over F,,2 is —p, the pull-back
level structure 7}y is defined over F2. B

As Definition 5.2, we call the unique model over F,2 in Lemma 6.5 the canon-
ical model over F>. By Lemma 6.5, we may identify the set A* .~ Wwith the set of
F2-isomorphism classes of superspecial g-dimensional prlnClpally polarized abelian
varletles A = (A, \,nn) over Fp2 with level-N structure with respect to A, such
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that the set Glsog]%p )2 (A, Ap) is non-empty.
P

For any prime-to-p positive integers N|M, we have a natural projection A; M
A; N- Let

A; = (AZ,N).D’(N
be the tower of all superspecial loci with prime-to-p level structures. Elements
of K; can be represented as (A, A, 7)), where (A, \) is an element in A, and 77 €
GIsom(T®)(A,), T (A)) is a trivialization. It follows from Theorem 6.4 that the

tower A} admits a right action of G (A?) and we have a natural isomorphism
(6.4) & : GQ\G(A))/C(Z,) ~ K

of pointed profinite sets which is compatible with the actions of Gal(F,2/F,) from
the left, and of G((A%) from the right.

6.3. The Hecke operator R(m)) and type number. We define the operator
R(mo) and the type number with level structure, which are almost identical with
those in Section 1.

Let My(Un) the vector space of functions f : G(Ay) — C satisfying f(azu) =
f(z) for all @ € G(Q) and u € Uy. Let H(G,Un) be the Hecke algebra of bi-Uy-
invariant functions, which acts on the space My(Uy) in the same way as (1.5) but
the Haar measure takes volume one on Uy. Let R(mp) be the operator correspond-
ing to the double coset Uy (7o) := Unmg = moUn-

Let 7y be the double coset space

Tn = GQN\G(Af) /Ny,

where 9y is the (open) subgroup of G(Ay) consisting of elements = such that

(1) Int(z)(End(4¢ ® F,) ® Z) = End(4y ® F,) ® Z, and

(2) the induced map

Int(z) : End(4¢ ® F,) ® (Z/NZ) — End(Ag ® F,) ® (Z/NZ)
is the identity map.

It is not hard to show (see Lemma 5.6) that
(6~5) Ny = D(QP)G(ZP) x Z(A?)Uﬁ,.

We call Ty the set of G-types with level Uy and the cardinality Ty of Ty the type
number of the group G with level group Uy. Let A} v (F,) C A} y be the subset
of the fixed points by o,.

Theorem 6.6.

(1) Every member (A, A\, nn) € A (Fy) has a model (A', X', 1) defined over
F,. Moreover, if N > 3, then the model (A’, N, ny) is unique up to iso-
morphism over F, and the base change (A', N, ny) ®r, Fp2 is the canonical
model over Fp2 of (A, X\, nn).

(2) A member (A, \,nn) € A} v lies in A} (Fp) if and only if G(Q)NaUy (mo) ™" #
0, where [z] € GIQ)\G(Ay)/Un is the class corresponding to (A, X\, nn).

(3) We have tr R(mo) = [A} x(Fp)|-

(4) The natural map pr : A;N — TN induces a bijection between the set of
Gal(F 2 /IFp)-orbits of A} n with the set Ty.
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(5) We have
tI‘R(T&'Q) = 2TN — I{N7

where Hy = |A} x| is the class number of G with level group Uy .

PROOF. (1) We may assume that N > 2 as the case N = 1 is treated in Section 5.
By Lemma 6.5, we may assume that (A4, X, ny) is the canonical model over F 2 in its
isomorphism class. Then its conjugation (?7A,7?\.7?ny) is also a canonical model
over F,> in its isomorphism class. By assumption, there exists an isomorphism
ao, : (A, N, nn) =~ (7?PA,77\,7?ny) over [z, as they are canonical models over [
in the same isomorphism class. Then o,(as,)as, is an automorphism of (A, X, 7)
and is equal to +1 (= 1 if N > 3). Using the same argument as in Lemma 5.4,
we define recursively a,; = oy(a, i 1)as, and show that the map o +— a, satisfies
the 1-cocycle condition for the field extension F p1 /Iy (for F2 /IF, if N > 3). Then
by Weil’s theorem, there exist a model (A’, X', n}y) over F, and an isomorphism
b: (AN ny) ~ (A’7 N, nfy) over Fpa (over Fz if N > 3) such that a,, = o, (b)ob™".
When N > 3, we have shown that this model is compatible with the canonical model
over F,2. The uniqueness follows from a theorem of Serre (cf. [23, Lemma p. 207])
that the automorphism group Aut(A, A\, ny) is trivial.
The proofs for the statements (2), (3), (4) and (5) are the same as before. 0

Remark 6.7.

(1) Similar to Remark 5.10, we discuss a bit about models over F,. Let
AN (Fp) C Aj n(Fp) denote the subset consisting of isomorphism classes
for which a model A’ over F,, can be chosen so that A'®F, is the canonical
model over F,2. We have A* N ([Fp) C A (Fp) and Ay nc( p) = A; n(Fp)
if N > 3. We do not know Whether this equahty holds When N < 2.

(2) For N > 3, we have the following explicit formula (cf. Section 1)

{Ilglﬂ;}.fi{@k+(mk}

6.4. Proof of Proposition 1.5. Let (Z29,7) be the standard symplectic Z-
module of rank 2g, and let GSp,, be the group of symplectic similitudes defined
over Z. Let Ay 1 n denote the moduli space over IF,, of g-dimensional principally
polarized abelian varieties (A4, A, &) with a (full) symplectic level-N structure. Re-
call that a full symplectic level-N structure on a g-dimensional principally po-
larized abelian scheme (A, \) over a connected F,-scheme S is an isomorphism
a: (Z/NZ)?9 ~ A[N](S) such that there is an element ¢ € py(S) such that

(—1)9lg+1)/
(6.6) Hy = | GSpyy(Z/NZ)|*—1—

(6.7) ex(a(), a(y)) = CY(w.y), Y,y € (Z/NL)*.
We denote by Ag1,n C Ag1,nv ®F, the superspecial locus. Put
(6.8) HY := GTsom(((A%)%,4), VP (4)).

The set H} is a (G(A%), GSpy, (A}))-bi-torsor together with an action of the Galois

group G = Gal(Fp/IFp) from the left. The action of G on TP)(Ay) gives rise to a
Galois representation

p:G— G(ZP).
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Using Lemma 3.3 (3), the action of G on H fc’ is given as follows:
(6.9) o-f=plo)of, Yoeg,feH].

Let .Zép) = (Ag,1,n)ptn and /~\g = (Ag,1,N)ptnv be as in Section 1. Elements in /ng
can be represented as (A, \, @), where (4, \) € A, and @ € Glsom(((Z))%9, ), TP (A)).

Let (A, A\, @) € Kg be an object. We can choose a quasi-isogeny ¢ € GIsog%p) (A, A).

The composition ¢ o &

(A?)Zg —2 5 v)(A) % V@) (Ag)
defines a well-defined map

b? i Ay — G(Zpy)\HY, (A, \@) s poa

which is compatible with the GSpQg(AI})-action. Using the same argument in the
proof of Theorem 6.4, one shows that the map bP is bijective and G-equivariant.
If we fix a trivialization

do € GIsom(((Z®)29, ), T® (A,)),

then we get

e a Galois representation
po : G — GSpyy, (Z1))
such that the following diagram
(Z(p))Zg _ %o T®)(Ay)
(6.10) lpo(g) p(o)

(Z(P))29 _% ., 7(p) (Ap),

commutes,
e an isomorphism
(6.11) Jo : GSpyy(A%) — HY, ¢ = ago ¢,
and
e an isomorphism
(6.12) 1o : G(A]Jf) — GSpQQ(A?), ¢+ &0_1 o ¢oayg.

Let G act on GSp2g(AZ}) by the action pg. One checks that
og-jo(¢)=0-apod =p(o)odgod =agopy(c)d.
That is, the following diagram
GSp,, (%) —"— HY
GSpy, (A}) —=— HY
commutes. Therefore, we obtain an isomorphism (depending on the choice of &)

(6.13) b« Ay 2 ig(G(Zy)))\ GSpyy(A?)
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which is compatible with the GSp,, (A?)—action and the G-action by pg. This com-
pletes the proof of Proposition 1.5.

7. THE NON-PRINCIPAL GENUS CASE

In previous sections we investigate arithmetic properties of principally polarized
superspecial abelian varieties, as well as the relationship to the trace of certain
Hecke operator on the space of automorphic forms of weight zero. These abelian
varieties correspond to the principal genus of the group G. Since the non-principal
genus case is of equal importance (see Section 7.1), we include the analogous results
for these superspecial abelian varieties as well. The proofs of most results are the
same as the principal genus case and are omitted.

7.1. The class numbers H,(p,1) and H,(1,p). We start with the arithmetic
aspect of polarized superspecial abelian varieties which are related to components of
the supersingular locus of A, ®Fp, the coarse moduli space over Fp of g-dimensional
principally polarized abelian varieties. Our references are Ibukiyama-Katsura-Oort
[13, Section 2] and Li-Oort [21, Section 4].

Let B be the quaternion algebra over Q ramified exactly at {p, oo}, and let O
be a maximal order of B. Put V = B®" regarded as a left B-module of row
vectors, and let ¢ (z,y) = >, 2;§; be the standard Hermitian form on V', where
the map y; — ; is the canonical involution on B. Let G be the algebraic group of
1-similitudes over Q; the group of Q-points of G is

G(Q) := {h € M,,(B)| hh' = rI,, for some r € Q™ }.

(Note that the group G here is isomorphic to the generic fiber Gg of the group
scheme G over SpecZ defined in Introduction when n = g. Thus, we use the same
notation.)

Two O-lattices L and L’ in B®" are called globally equivalent (denoted by L ~ L')
if L' = Lh for some element h € G(Q). For any finite place v of Q, we write
B, = B®Q,, O, = 0®%Z, and L, := L ® Z,. Two O-lattices L and L’ in
B®™ are called locally equivalent at v (denoted by L, ~ L) if L} = L,h, for some
element h, € G(Q,). A genus of O-lattices is a maximal set of (global) O-lattices
in B®" which are equivalent to each other locally at every finite place v.

We define an O,-lattice N, C B;B" as follows:

1, 0
— SN r . ®n
N, =08 (o ﬂn_r) ¢c B,

where r is the integer [n/2], 7 is a uniformizer in O, and ¢ is an element in GL,,(B))
such that B
&€ = anti-diag(1,1,...,1).

Definition 7.1.

(1) Let L, (p,1) denote the set of O-lattices L in B®™ such that L, ~ O™ at
every finite place v. The set L, (p,1) is called the principal genus. Let L, (p, 1)/~
denote the set of global equivalence classes in L, (p,1). As a well-known fact,
L,(p,1)/ ~ is a finite set. The cardinality H,(p,1) := #L,(p,1)/ ~ is called the
class number of the principal genus.

(2) Let £,(1,p) denote the set of O-lattices L in B®" such that L, ~ N, and
L, ~ O2™ at every finite place v # p. The set £, (1,p) is called the non-principal
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genus. Let L,(1,p)/ ~ denote the set of global equivalence classes in £, (1,p).
Similarly, £, (1,p)/~ is a finite set, and its cardinality, called the class number of
the non-principal genus, is denoted by H, (1, p).

Recall that A, is the set of isomorphism classes of g-dimensional principally
polarized superspecial abelian varieties over F,. When g = 2d > 0 is even, we
denote by ¥, the set of isomorphism classes of g-dimensional polarized superspecial
abelian varieties (4, \) of degree deg A = p?? over F,, satisfying ker A = A[F]. Here
F is the relative Frobenius morphism A — A®) over F,.

Let S, denote the supersingular locus of the Siegel moduli space A, @ F; it is
a closed reduced subscheme of finite type over F,. Let IIo(S,) denote the set of
irreducible components of S.

Theorem 7.2 (Li-Oort [21]). We have

A, if g is odd;
o(Sy) ~ { o

Y, if g =2d is even.

The arithmetic aspect for the supersingular locus S, is given by the following
proposition.

Proposition 7.3.
(1) For any positive integer g, one has |Ag| = Hy(p, 1).
(2) For any even positive integer g = 2d, one has |3,| = Hy(1,p).

PROOF. (1) See [13, Theorem 2.10]. (2) See [21, Proposition 4.7].

7.2. In the remainder of this section, let ¢ = 2d be an even positive integer.
Suppose that there exists a g-dimensional superspecial polarized abelian variety
Al = (A}, \y) over F,, such that the polarization degree is p*?,

(7.1) ker \) = A([F], and (7)) = —p,
where 7, is the Frobenius endomorphism of Aj. The existence of such an object

may depend on p and g; for example it exists if (_71) = 1 or 4|g; see [41, Lemmas 3.1

and 3.2]. Nevertheless we fix one when it exists. Let G§ C G’ be the automorphism
group schemes over Spec Z associated to the object (Ag, A), defined similarly as in
Section 4.1. Let N be a positive prime-to-p integer, and let U) be the kernel of
the reduction map G'(Z) — G'(Z/NZ). The generic fiber Gg of G’ is isomorphic
to G, so we can also consider Uj, as an open compact subgroup of G(Ay). _

Denote by ¥7 \ the set of isomorphism classes of objects (A, A\, nn) over Fp,
where (4, \) is an object in 3, and ny is a level-N structure on (A4, \) with respect
to Aj (defined in the same way as in Section 6.1).

The Galois group G = Gal(F,/F,) acts naturally on the topological group G’(A )
and this action is given by (cf. Theorem 1.1)

(7.2) op(xe)e = (mhzemy e, (2e)e € G'(Ay).
Theorem 7.4. There is a natural G-equivariant bijective map

oy 1 35 v = G(Q\G'(Ay)/Uy
for which the base point (Af, Ny, 1d) is sent to the identity class [1].
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Proor. This is the analogue of Theorem 6.4. The proof is the same and is
omitted. B

Lemma 7.5. Every member (A, A\, nn) € X7 \ has a unique model (A, X', ny ), up
to isomorphism, over 2 such that there exists a prime-to-p quasi-isogeny ¢ : A" —

0 ®F2 such that p* X € Z(Xp)’+ D

PrOOF. This is the analogue of Lemma 6.5. The proof is the same and is omitted.
|

Let i; = (¥ n)ptnv the tower of the superspecial loci X7 it admits a right
action of G’ (A’;). By Theorem 7.4, one has a natural isomorphism

(7.3) d”: G'(Q\G'(A4))/C'(Z,) ~ £
of pointed profinite sets which is compatible with the actions of Gal(FF,2/F,) and
of G'(A%).

As in Section 6.3, et R(7(,) be the operator corresponding to the double coset
Uy (my) == Upmgy = moUpy on the space My(Uy) of automorphic forms of level Uy .
Let T3 be the set of G'-types with level Uy, and call T := |T}| the type number
of the group G’ with level group Uy. Let X7 v (F,) C X}  be the subset of fixed
points of the Frobenius map o,.

Theorem 7.6.

(1) Every member (A, A\, nn) € X7 (Fp) has a model (A', X', ny) defined over
F,. Moreover, if N > 3, then the model (A", N ,nyy) is unique up to iso-
morphism over F, and the base change (A, N, ny) ®r, Fp2 is the canonical
model over Fp2 of (A, X\, nn).

(2) A member (A, A\,nn) € X} y lies in By v (Fp) if and only if G'(Q) N
zUN(m()z™t # 0, where [z] € G'(Q)\G'(Af)/U) is the class corresponding
to (A, A, T]N)

(3) We have tr R(mg) = |27\ (Fp)|.

(4) The natural map pr : XN T induces a bijection between the set of
Gal(F 2 /Fy)-orbits of 3y  with the set Ty

(5) We have

(7.4) tr R(nh) = 2T — Hy,
where Hy = |7 | is the class number of G’ with level group Uy

Proor. This is the analogue of Theorem 6.6. The proof is the same and is
omitted. B

For N > 3, we have the following explicit formula (see [38, Theorem 6.6]; note
that in [38] one fixes a choice of a primitive Nth root of unity (y.)

(7.5)  Hy= |GSpgg(Z/NZ>|( )9lg+1)/ {H (L2 } H( =2 ).

k=1

Remark 7.7. Our results in this section rely on the existence of a base point (Ag, Aj)
with property (7.1). We do not know whether such a base point always exists.
However, for Theorem 7.4 and Lemma 7.5, we only need the existence of a base
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point (Af, Aj) which is defined over F, i.e. X4(F,) # 0. For Theorem 7.6, we only
require in addition that its Frobenius endomorphism 7, is square central in G'(Q).

8. TRACE FORMULA FOR GROUPS OF COMPACT TYPE

The goal of this section is to calculate the trace of the Hecke operator R(m)
(or R(m}y)) for the groups G (or G') arising from the previous sections using the
Selberg trace formula. Since one has explicit formulas for the class numbers Hy
and HY (see (6.6) and (7.5)), Theorems 6.6 and 7.6 would provide information for
the type numbers Ty and T;. For other possible applications, we work on slightly
more general groups and study the trace of specific Hecke operators. The majority
of this section (up to Subsection 8.5) is independent from the previous sections;
some notations are different.

8.1. Hecke operators R(w). Let G be a connected reductive group over Q such
that G(Q) is a discrete subgroup of G(Af). We know that G(Q) is discrete in
G(Ay) if and only the quotient space G(Q)\G(Ay) is compact; see [8, Proposition
1.4] for more equivalent conditions.

We fix a Z-structure on G. For simplicity, we assume that this Z-structure is
induced by a rational faithful representation p : G — GL,, of G. For any positive
integer N, one defines an open compact subgroup Uy as the kernel of the reduction
map

Redy : G(Z) = G(Z/NZ) C GL(Z/NZ).

Denote by L?(G) = L»*(G(Q)\G(Af)) the vector space of locally constant

C-valued functions on G(Q)\G(Ay), endowed with an inner product defined by

(f.9) = /G o f(2)g(@)dz,

for a Haar measure dr on G(A ) which we shall specify later. This is a pre-Hilbert
space as the limit of locally constant functions need not to be locally constant.
For example, the limit of the sequence of characteristic functions 1gqu, for a
decreasing separated sequence of open compact subgroups U, is the delta function
d1) supported on the identity class [1].

The group G(Ay) acts on the space L?(G) by right translation, denoted by R.
Since the topological space G(Q)\G(Ay) is compact, every function f in L?(G) is
invariant under an open subgroup U C G(Ay), that is, f is a smooth vector. Also
for any open compact subgroup U, the invariant subspace

L*(G)Y = L**(G(Q\G(Af)/U) = C(G(Q)\G(Ay)/U)
consisting of constant functions on the finite set G(Q)\G(Ay)/U is finite-dimensional.
In other words, the representation L?(G) of G(Ay) is admissible. Denote by H(G)
the Hecke algebra of C-valued, locally constant, compactly supported functions on

G(Ay); the multiplication is given by the convolution. The Hecke algebra #H(G)
acts on the space L%(G) as follows: For ¢ € H(G), f € L*(G),

RE)f@) = [ RO @de= [ ol f(a)da.
G(Af) G(Ay)
Fix an element 7 of G(Q) which normalizes Uy for all N. For example, if ©
normalizes Upm for all powers of a prime p and m € G(ZP)), then 7 satisfies this
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property. Let ¢, n be the characteristic function of the double coset UymUy =
nUn = Unm and we write Ry (m) = R(¢r n), where N is a positive integer. The
goal is to calculate the trace of the Hecke operator Ry (m). Here we normalize the
Haar measure so that it takes volume one on the open compact subgroup Uy. The
meaning of the trace tr Ry () can be interpreted as the number of fixed points in the
double coset space G(Q)\G(Ay)/Un under the translation [z] — [z7]. Note that
the translation is well-defined as 7 normalizes Uy. Indeed, the image of Ry (7) is
contained in the Uy-invariant subspace C(G(Q)\G(A¢)/Un). So tr Ry(7) is equal
to the trace of its restriction

Ry(m) : C(GQ\G(Af)/Un) = C(GIQ\G(Ay)/Un).
This map is induced by the translation [z] — [z7] and hence its trace is equal to
the number of fixed points.
To simplify notation we shall write ¢, for ¢ y and R(w) for Ry (7), respectively,
keeping in mind that these also depend on N.

8.2. Trace of R(w). The standard argument in the theory of trace formulas (cf.
[6]) shows that the operator R(7) is of trace class and its trace can be calculated
by the following integral

tr R(m) = / K. (x,z)dz,
G(Q\G(Ay)

Kﬂ'(x’ y) = Z (Pﬂ(x_lryy)'
YEG(Q)
Note that when z and y vary in a fixed open compact subset, there are only finitely
many non-zero terms in the sum of K (z,y). Regrouping the terms in the standard
way (cf. [6]), we get

(8.1) wRm = Y alG,)0,(px),

YEG(Q)/~

where

where

e G(Q)/~ denotes the set of conjugacy classes of G(Q),
e G, denotes the centralizer of v in G, and
e a(G,) == vol(G, (Q)\G, (Af), and

dx

(82) 0, (o) = [ pr(a ) T
Gy (Ap\G(Af) Ly

where dx is a Haar measure on G (Ay).
Note that the whole term a(G~)O, (=) does not depend on the choice of the Haar

measure dz,. As the closed subgroup G,(Ay) is unimodular, the right G(Ay)-
invariant Radon measure dx/dx, is defined and it is characterized by the following

property:

d
(8.3) / fda = / / Flaya)day —
G(hs) G (B)\GlA) S () dzy
for all functions f € C3°(G(Ay)). Using this formula, one easily shows that

(8.4) Voldz/da‘;,y (G5 (Af)\GV (Af)U) - volg, V((Zl;f(g)) nuU)
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for any open compact subgroup U C G(Ay), or more generally,

VOldI(U)
volaz, (G (Ay) Nala=1)

(8.5) VOldz jda, (G (Ap)\GH (Af)al) =

for any element a € G(Ay); see Kottwitz [19, Section 2.4]. In our situation, any
element v € G(Q) is semi-simple. Therefore, any G(Ay)-conjugacy class is closed
and the orbital integral O, (@) is a finite sum.

For elements « and v in G(Q) (resp. in G(Q,) or in G(Ay)), we write x - v =
2~ vz, the conjugation of v by =. Put

(8.6) Ay ={y€GQ)|GAs)-yNrUn #0}/ ~c) -

We show that Ay is a finite set.
Let C C G(Ay) be an open compact subset such that G(Ay) = G(Q)C. For
example, if we write G(Ay) as a finite disjoint union of double coset:

h
G(Ay) := HG(Q)ciUl,

then take C' to be the union of ¢;U; for i =1,..., h. Put

XN = U C_l -7TUN.
ceC

Since X is an image of the compact set C' x nUy, it is compact. If v is an element
of G(Q) which lies in G(Ay) - nUn, then there exists an element a € G(Q) such
that a - v € Xn. The element a - v lies in the intersection G(Q) N Xy, which is a
finite set. Since Ay consists of elements v as above modulo the G(Q)-conjugation,
the set Ay is finite.

For each class 47 € Ay, we select a representative v in Xy N G(Q) and choose
the Haar measure dx., so that

(87) VOI(U%N) =1, where U%N = Gv(Af) NUN.
Put
&, ={x € G(Ay) |z vz € nUN},

which is the support of the function ¢, (x) := ¢r(z7'yz). It is clear that &,
is stable under the left G, (Ay)-action and the right Ux-action. By our choice of
Haar measures on G(Ay) and G (Ay), the orbital integral O, (¢, ) can be calculated
using the formula (see (8.5))

O, (px) = > vol(G(Af) Nalla™ )L,
[a]€Gy(Ap\Ey/UN

We have shown the following result.

Proposition 8.1. Let Ay C G(Q)/~ be the subset of G(Q)-conjugacy classes
defined in (8.6).

(1) The set Ay is finite.

(2) We have

(8.8) tr R(m) = 72 a(G4)0,(¢x)
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and

(8.9) O4(pr) = Z vol(G,(Ap) NalUa ")t
[a]eGy(Ap\E/UN

8.3. Trace of R(m) with Uy small. Put

Ap(m) = {y € GQ) |y € G(Aj) - 7}/ ~c() -
Clearly we have Ay(m) C Ay.

Lemma 8.2. There exists a positive integer Ny such that for all positive integers
N divisible by No, we have Ay = Ay(m).

PRrROOF. Since G(Q)N Xy is finite, there is a positive integer Ny such that G(Q)N
X remains the same for all N with No|N. Let v be an element in G(Q) N Xy.
Then for all n with Ng|n, we have v = ¢, mu,c,! for some ¢, € C and u,, € U,.
Since C' is compact, there is a subsequence {cy,,} of {¢,} which converges to an
element ¢ € C. As i — oo, we get v = comey L. This shows the lemma. N

Suppose an element v € G(Q) has the form y~'my for some y € G(Ay). We

show that the term a(G,)O,(¢x) in (8.8) is equal to a(Gr)Ox(¢x). First, it is easy
to show that an element z € G(Q) lies in G (Q) if and only if yzy~! € G(Q); thus
yG,(Q)y~! = G(Q). Let t = yz. The map = > t induces an homeomorphism

Gy (QN\G(Af) =~ Gr(QN\G(Ay).

We have
a(G)O~(¢x) =/ or(z ™y Iryz)da
(8.10) G (Q\G(Af)
_ / o (t=17t)dt = a(Gr) O (i),
Gr(Q\G(Ay)

Lemma 8.2 and the equality (8.10) show that when Uy is small, the trace of the
Hecke operator R(7) can be simplified significantly.

Proposition 8.3. There exists a positive integer No such that for all positive in-
tegers N divisible by Ny, we have

(8.11) tr R(m) = [Af(7)] a(Gx) Or ()

Remark 8.4. Using either the results of G. Prasad [25] on the volumes of funda-
mental domains or the results of Shimura [30] on the exact mass formulas, one can
determine the term a(G) explicitly. The orbital integral O, (p, ) is purely local in
nature, that is, it is expressed as the product of the local orbital integrals O (¢x v).
There is also a similar local description as in (8.9). Using this description, it is not
hard to show that the local integral integral O (¢ ) is equal to 1 for almost all
finite places. We were wondering whether after shrinking the level subgroups Uy
at these bad places, each local orbital integral in bad places becomes 1 or becomes
an easily computable term. Nevertheless, we continue to study the global term

[Ag(m)].
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8.4. A cohomological meaning for Ay(r). Put

A(m) :={y € GQ) |y € G(A) -7}/ ~c() -

Lemma 8.5. Let G be a connected reductive group over R such that the derived
subgroup Gger 1s anisotropic. Then for any two elements x and y in G(R), x and
y are G(R)-conjugate if and only if they are G(C)-conjugate.

PRrROOF. We first show the case where G(R) is compact. Choose an anisotropic
maximal torus 7. Then any element can be G(R)-conjugate to an element in T'(R).
Any two elements in T'(R) are conjugate if and only if they are in the same Wr-
orbit, where Wr is the Weyl group of G relative to T. Two elements in T'(R)
are G(C)-conjugate if and only if they are in the same Wr.-orbit, where W, is
the Weyl group of G¢ relative to T¢. From our compactness assumption of G(R),
one has Wpr ~ Wr.. The statement then follows from the injectivity of the map
T(R)/Wr — T(C)/Wr...

We reduce to the above special case. Let Z be the connected center of G.
Let S C Z (resp. T C Z) be the maximal split (resp. anisotropic) torus of Z.
Put M := Gger - T - S[2], where S[2] is the 2-torsion subgroup of S. One has
G = SM = SMP° and the subgroup M (R) meets every component of G(R). We
also have G(R) = M (R) x S(R)?; write x = (za,25) into the M-component and
S-component of z. Then two elements x and y are G(C)-conjugate if and only if
xs = ygs, and zp; and yys are M (C)-conjugate. The condition that x; and yys are
M (C)-conjugate implies that they are in the same connected component of M (R).
Multiplying them by a suitable element in S[2], we may assume that x,; and yas
are in the connected component M°(R). Since M? is connected and anisotropic,
we are done. N

Lemma 8.6. We have Aj(m) = A(m).

PrOOF. We have the inclusion A(7w) C As(nw), and need to show that if yG(Q) N
G(Ay) - m, then 7yG(Q) N G(A) - 7, that is, v and 7 are G(R)-conjugate. Since the
set of G(K)-conjugacy classes is independent of the algebraically closed field K of
characteristic zero, one immediately sees that v and 7 are G(C)-conjugate, and the
lemma follows from Lemma 8.5. B

Lemma 8.7. There is a natural bijection

(8.12) A(r) =~ ker [ker' (Q, Gr) = H'(Q,G)] ,

where ker' (Q, G) is the kernel of the local-global map

H'(Q,Gx) = [[H"(Qu,Gr)

of pointed sets.

PrOOF. This is a special case of a well-known ingredient in the stabilization of
the trace formula; see [17, (9.6.2)]. The proof is elementary and omitted. B
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8.5. Application to the superspecial locus. Let G, mg € G(Q), Uy and
Ry (m9) = R(mp) be those in Section 6, also see Theorem 6.6. In this subsection, we
apply results of previous subsections for computing the trace tr R(m). Note that
this computes the number of Fj-rational points of A} r (see Theorem 6.6 (3) and
Remark 8.10). The centralizer G, is isomorphic to the group of unitary similitudes
of a Hermitian space V' over the imaginary quadratic field Q(mo) = Q(y/—p). This
group G, satisfies the Hasse principle; see a proof below.

Lemma 8.8. Let E be an imaginary quadratic field and G = GU(V, 1)) be the group
of unitary similitudes of a Hermitian space V over E. Then G satisfies the Hasse
principle.

ProoOF. This is certainly known to the experts. We indicate how this follows from

a result of Kottwitz. Consider the short exact sequence

det

1 Caor —— G D=E* — 1.

By Shapiro’s lemma and Hilbert’s theorem 90, one has H'(Q, D) = 1 and the torus
D satisfies the Hasse principle. By [18, p. 393], one has ker' (Q, G) = ker'(Q, D).
Therefore, G also satisfies the Hasse principle. N

It follows from Lemmas 8.6, 8.7 and 8.8 that |A;(my)| = |A(m)| = 1. By
Proposition 8.3, we have proven the following result.

Theorem 8.9. Let G, mp € G(Q), Un and Ry (mo) be as in Section 6. There exists
a positive integer Ny such that for all positive integers N divisible by Ny, we have
(see (8.1))

(8.13) tr Ry (mo) = a(Gry) O, (#r0.8);
where the Haar measure on Gr,(Ay) is defined by (8.7).

Remark 8.10. (1) Theorem 8.9 is not very useful in practice yet as we do not have
good control for Ny. For example, we do not know whether Ny can be prime-to-p.
Note that we defined the cover A7 by modular interpretation only for prime-
to-p level. When p|N, we still can deﬁne Ay asa finite étale F,-scheme: let
A; v = G(Q)\G(Af)/Uy with Galois action glven by

Op - (1’4)4 = (Woxgﬂal)g, (:L’g)g S G(Af).

This agrees with A} n in Section 6 when p { N and one also has tr Ry(mo) =
|A; n(Fp)l, except that the geometric meaning for the set A}  (F,) of F-rational
points is less clear.

We report some progress since the present paper was submitted in 2012. In
[11] Ibukiyama generalized his results with Katsura (Theorems 1.1 and 1.2) to
the non-principal genus case (cf. Theorem 7.6 (2) (3) (5) for N = 1 without any
assumption). Ibukiyama’s proof is more arithmetic, which treats the geometric
problems by quaternion Hermitian forms. As an application, he describes the num-
ber of components of the supersingular locus that are defined over IF,, for all g
by the work of Li and Oort. He also proves an explicit formula for |X4(F,)| and
35(F,) # 0 as a consequence (see [10]). In [41] the author constructs directly a
polarized abelian surface (Ag, Ag) over I, in 35(F,,) with Frobenius endomorphism
73 = p (not 73 = —p). Taking the self-product of this point, we get a base point
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(A, Ag) over F,, with Frobenius 7 square central in G(Q). As a result, Theo-
rem 7.6 holds true (cf. Remark 7.7) without any assumption, except with different
covers X7\ due to the choice of the new base point. It is also not difficult to check
that G, satisfies the Hasse principle. Therefore, we have analogue of Theorem 8.9
for the non-principal genus case.
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