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ON ARITHMETIC OF THE SUPERSPECIAL LOCUS

CHIA-FU YU

Abstract. We develop a method for describing the Galois action on the su-

perspecial locus of the Siegel moduli space in characteristic p. Using this

description, we give a modern treatment for the results of Ibukiyama and Kat-

sura [Compos. Math., 1994] concerning the Fp-rational points and the trace

of a Hecke operator of Atkin-Lehner type. This also leads to analogues with

level-N structure. The trace of the Hecke operator can be reduced into one

term (instead of finitely many terms a priori) by the simple trace formula when

N is large.

1. Introduction

Throughout this paper p denotes a rational prime number. An abelian variety
A over a field of characteristic p is said to be superspecial if it is isomorphic to a
product of supersingular elliptic curves over an algebraic closure of the ground field.
It is known that every supersingular elliptic curve E over any algebraically closed
field k has a model defined over Fp2 (see Deuring [2]); this means that there exists
an elliptic curve E′ over Fp2 and there exists an isomorphism E ' E′ ⊗Fp2 k over

k; the elliptic curve E′ is called a model of (the isomorphism class of) E over Fp2 .
For any g > 1, there is only one isomorphism class of g-dimensional superspecial
abelian varieties over k (due to Deligne, Shioda and Ogus, also see [21, Section 1.6,
p. 13]). Particularly every superspecial abelian variety of dimension greater than
one over k has a model defined over Fp. In [12] Ibukiyama and Katsura studied
the fields of definition of superspecial polarized abelian varieties. They showed that
every superspecial principally polarized abelian variety over Fp has a model defined
over Fp2 . They also expressed the number of those which have a model defined over
Fp in terms of the class number and the type number of the quaternion unitary
algebraic group in question; see Theorems 1.2 and 1.3 for more details.

Let Ag denote the moduli space over Fp of g-dimensional principally polarized

abelian varieties. Let Λg ⊂ Ag(Fp) be the subset consisting of superspecial points,

called the superspecial locus of Ag ⊗ Fp. This is a finite and closed subset that

is stable under the action of Galois group G := Gal(Fp/Fp) (Corollary 3.2). The
unique Fp-model of Λg, called the superspecial locus of Ag, is denoted by Λg; one

has Λg = Λg(Fp).
The goal of this paper is to develop a method for describing the Galois action on

Λg. One can regard this as a reciprocity law, which in some broad sense describes
the Galois action on a class space of adelic points in terms of Hecke translations. For
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CM fields, the Shimura-Taniyama reciprocity law describes explicitly the action of
the Galois group Gal(K ′/K ′) on the spaces of abelian varieties of CM type (K,Φ),
where K ′ is the reflex field of the CM pair (K,Φ). This is known as the main
theorem of complex multiplication [31]. For the field of rational numbers, the
action of the Galois group GQ = Gal(Q/Q) on the group of torsion points of the
multiplicative group Gm over Q gives rise to the cyclotomic character ω : GQ →
Ẑ×, which factors through the isomorphism ω : Gab

Q ' Ẑ×. By the isomorphism

R>0Q×\A×Q ' Ẑ× and composing with the inverse map ω−1 of ω, we get a map

recQ : Q×\A×Q → Gab
Q , which is the Artin reciprocity map. The Artin reciprocity

map classifies all abelian extensions of Q and gives the explicit description of its
maximal abelian extension, known as the Kronecker-Weber theorem (cf. [20, Part
II]).

Let (A0, λ0) be a superspecial principally polarized abelian variety over Fp, con-

sidered as the base point in Λg via the base change (A0, λ0) ⊗ Fp =: (A0, λ0). To
(A0, λ0) we associate two group schemes G1 ⊂ G over SpecZ as follows. For any
commutative ring R, the groups of their R-valued points are defined as

G(R) := {x ∈ (End(A0)⊗R)× |x′x ∈ R× },
G1(R) := {x ∈ (End(A0)⊗R)× |x′x = 1 },

(1.1)

where the map x 7→ x′ is the Rosati involution induced by the polarization λ0. For
convenience, we often also write G1 and G for their generic fibers G1,Q and GQ,
respectively. As a well-known fact (cf. [13], [4], [35, Theorem 10.5], or [39, Theorem
2.2]), there is a natural parametrization of Λg by the following double coset spaces

(1.2) d : G(Q)\G(Af )/G(Ẑ) = G1(Q)\G1(Af )/G1(Ẑ) ' Λg

for which the base point (A0, λ0) corresponds to the identity class [1], where Ẑ is

the profinite completion of Z and Af = Ẑ⊗Q is the finite adele ring of Q. As the
abelian variety A0 is defined over Fp, the Galois group G acts naturally acts on the
adelic group G(Af ). We denote the (arithmetic) Frobenius automorphism in G by

σp; one has σp(x) = xp for x ∈ Fp.

Theorem 1.1.

(1) The action of G on G(Af ) is given by

(1.3) σp(x`)` = (π0x`π
−1
0 )`, (x`)` ∈ G(Af ),

where π0 ∈ G(Q) is the Frobenius endomorphism of A0 over Fp.

(2) The natural map d̃ : G(Af )→ Λg induced by (1.2) is G-equivariant.

We now explain the main results of Ibukiyama and Katsura in [12]. We can
select the base point (A0, λ0) over Fp such that the Frobenius endomorphism π0 ∈
End(A0) satisfies π2

0 = −p. The existence of (A0, λ0) is known due to Deuring

(cf. [12]); this also follows from the Honda-Tate theory [32]. Put U := G(Ẑ) and
U(π0) := Uπ0 = π0U .

Theorem 1.2. ([12, Theorem 1])

(1) Every member (A, λ) ∈ Λg has a model defined over Fp2 .
(2) A member (A, λ) ∈ Λg admits a model defined over Fp if and only if

(1.4) G(Q) ∩ xU(π0)x−1 6= ∅,
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where x ∈ G(Af ) is any representative of the class [x] ∈ G(Q)\G(Af )/U
corresponding to (A, λ).

The second part of the work of Ibukiyama and Katsura concerns the trace of
a Hecke operator of Atkin-Lehner type on the space of automorphic forms on the
group G. Denote by M0(U) the vector space of all functions f : G(Af ) → C
that satisfy f(axu) = f(x) for all a ∈ G(Q) and u ∈ U . Let H(G,U) denote the
convolution algebra of bi-U -invariant functions h on G(Af ) with compact support,
called the Hecke algebra. The Hecke algebra H(G,U) acts naturally on the space
M0(U) by the following rule:

(1.5) h ∗ f(x) =

∫
G(Af )

h(y)f(xy)dy, for h ∈ H(G,U), f ∈M0(U),

where the Haar measure on G(Af ) is normalized with volume one on U . Explicitly,
if we write the double coset UyU , where y is an element in G(Af ), into

∐n
i=1 yiU ,

and let 1UyU denote the characteristic function of UyU , then one has

(1.6) 1UyU ∗ f(x) =

n∑
i=1

f(xyi).

Let R(π0) be the operator induced from the characteristic function 1U(π0). Let
T (G) denote the set of G(Q)-conjugacy classes of maximal orders in the central
simple algebra End0(A0 ⊗ Fp) = End(A0 ⊗ Fp)⊗Q which are G(Af )-conjugate to

the maximal order End(A0 ⊗ Fp). We can write

T (G) = G(Q)\G(Af )/N,

where N is the open subgroup of G(Af ) that normalizes the ring End(A0⊗Fp)⊗ Ẑ.
The cardinality T of T (G) is called the type number of the group G, following
Ibukiyama-Katsura [12]. In the case g = 1, the group G is equal to the multi-
plicative group of the quaternion Q-algebra Bp,∞ ramified exactly at {∞, p}, and
this agrees with the usual definition of the type number, namely the number of
conjugacy classes of maximal orders in Bp,∞.

Theorem 1.3. ([12, Theorem 2])

(1) The number of members (A, λ) in Λg that have a model defined over Fp is
equal to trR(π0).

(2) We have trR(π0) = 2T − H, where H is the class number of G (for the
level group U).

Remark that the case g = 1 of Theorems 1.2 and 1.3 is due to Deuring, and the
case g > 1 is proved in [12].

As the main application of Theorem 1.1, we give somehow simpler proofs of
Theorems 1.2 and 1.3 (1). We also include an exposition of the proof of Theorem 1.3
(2) but in the language of adeles. As a byproduct, we obtain the following result,
which is implicit in the proof of [12, Theorem 2]. By Theorem 1.1, the action of the
Galois group G on Λg factors through the quotient group Gal(Fp2/Fp). Let Λ0

g be
the set of closed points of the finite Fp-scheme Λg; this is the set of Galois orbits
of Λg, and can be also identified with the set of connected components of Λg.
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Theorem 1.4 (Theorem 5.9). The composition Λg ' G(Q)\G(Af )/U
pr→ T (G),

where pr is the natural projection, induces a bijection between the set of Gal(Fp2/Fp)-
orbits of Λg and the set T (G) of G-types. In other words, there is a natural bijection
between the set Λ0

g of closed points of Λg and the set T (G).

In some sense we have the following equality in the “arithmetic side”

(1.7) trR(π0) = 2T −H
and its mirror in the geometric side

(1.8) |Λg(Fp)| = 2|Λ0
g| − |Λg|

where Λg(Fp) ⊂ Λg is the subset of Fp-rational points. Moreover, this is the term-
by-term equality; see Theorems 1.3 and 1.4.

The explicit computation of the class number H is extremely difficult; see [9] for
the case g = 2. However, if we add a prime-to-p level structure to the superspecial
locus and form a cover Λg,1,N of Λg, then one can compute the cardinality |Λg,1,N |
rather easily using the mass formula:
(1.9)

|Λg,1,N | = |GSp2g(Z/NZ)| (−1)g(g+1)/2

2g

{
g∏
k=1

ζ(1− 2k)

}
·
g∏
k=1

{
(pk + (−1)k

}
,

where ζ(s) is the Riemann zeta function. See Ekedahl [4, p.159] and Hashimoto-
Ibukiyama [9, Proposition 9], also cf. [38, Section 3]. This leads us to examine
whether the analogous statements for (1.7) and (1.8) can be extended to the ob-
jects with prime-to-p level structures, and whether all the terms can be computed
explicitly. This is the content of the second part of this paper.

We first describe the Galois action on the superspecial locus with a (usual)
prime-to-p level structure. Let N be a prime-to-p positive integer. Let Ag,1,N
denote the moduli space over Fp of g-dimensional principally polarized abelian
varieties with a (full) symplectic level-N structure; see Section 6.4 for details. Let

Ã(p)
g := (Ag,1,N )p-N be the tower of Siegel modular varieties with prime-to-p level

structures. Let Λ̃g ⊂ Ã(p)
g ⊗ Fp be the superspecial locus, which is the tower of

superspecial loci Λg,1,N ⊂ Ag,1,N ⊗ Fp for all prime-to-p positive integers N ; Λ̃g
is a profinite set together with a G-action. Let T (p)(A0) :=

∏
` 6=p T`(A0) be the

prime-to-p Tate module of A0; it is equipped with an action of G so that we have
a Galois representation

ρ : G → G(Ẑ(p)) ⊂ G(Apf ),

where Ẑ(p) :=
∏
` 6=p Z` and Apf := Ẑ(p) ⊗ Q is the prime-to-p finite adele ring of

Q. We fix a point (A0, λ0, α̃0) ∈ Λ̃g over (A0, λ0), where α̃0 : (Ẑ(p))2g ' T (p)(A0)

is a trivialization which preserves the pairings up to an element in (Ẑ(p))×. The
trivialization α̃0 induces an isomorphism

i0 : G(Apf ) ' GSp2g(A
p
f ),

and a Galois representation

ρ0 = i0 ◦ ρ : G → GSp2g(A
p
f ).

Let G act on GSp2g(A
p
f ) by the action ρ0:

(1.10) σ · x = ρ0(σ)x, ∀σ ∈ G, x ∈ GSp2g(A
p
f ).
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Proposition 1.5. There is an isomorphism (depending on the choice of α̃0)

bp0 : Λ̃g ' i0(G(Z(p)))\GSp2g(A
p
f )

which is compatible with the right GSp2g(A
p
f )-action and the (left) G-action.

The action of the Galois group G on the finite subset Λg,1,N somehow contains
a twist which comes from the trivialization between A0[N ] and (Z/NZ)2g. This
forces the subset Λg,1,N (Fp) of Fp-rational points to be empty when N is large. As
a result, the analogous result for Λg,1,N as in (1.8) (the geometric side) is false.
However, the formulation of (1.7) (the arithmetic side) extends well without any
modification. To correct the identity (1.8) for higher level, we introduce a new
level-N structure for members in Λg which relies on the base point (A0, λ0). This
yields a cover Λ∗g,N of Λg for which the Galois action becomes well-behaved. As
a result, Theorems 1.2, 1.3 and 1.4 can be generalized without any difficulty from
the present approach; see Theorem 6.6. Note that the sets Λ∗g,N and Λg,1,N are
isomorphic as Hecke sets but they have different Galois actions.

We use the simple trace formula to compute the trace of the Hecke operator
R(π0). Our final result says that when N is sufficiently large, trR(π0) is reduced to
the product of the mass of the centralizer Gπ0

of π0 and a standard orbital integral;
see Theorem 8.9 for details. We remark that one can calculate the mass of Gπ0

explicitly using the methods of G. Prasad [25] or of Shimura [30], and that the
orbital integral is of purely local nature. Note that we had an explicit formula for
the class number HN = |Λg,1,N | (1.9) due to Ekedahl and others; knowing one of
trR(π0) and the type number would know the other.

The method of the present paper works for more general Shimura varieties. One
can apply it to describe the Galois action on the minimal basic locus (also called the
superspecial locus in [33]) in the reduction mod p of a PEL-type Shimura variety.
See [18] and [27] for precise definitions of these moduli spaces and basic abelian
varieties. We call a basic polarized abelian variety (A, λ, ι) with an OB-action (for
an order OB in a semi-simple Q-algebra B) minimal if EndOB (A)⊗Zp is a maximal
order. These are natural generalizations of superspecial abelian varieties. The
existence of basic points is known due to many people in many cases (see [32], [36],
[5], [22], [37], [33]). The existence of minimal basic points can be deduced using the
method in [40, Theorem 1.3]. The parametrization of the minimal basic locus by
double coset spaces (similar to (1.2)) is also available; see [39, Theorems 2.2 and
4.6]. For describing the Galois action, our study indicates that a good base point
in the minimal basic locus plays a crucial role in the general theory.

There has been a theory of modular forms mod p initiated by Serre [29] and more
generally on algebraic modular forms developed by Gross [8] where the superspecial
locus plays an important role. Under the framework of Gross’ theory, Ghitza [7]
proved the Jacquet-Langlands correspondence (JLC) modulo p between modular
forms on GSp2g and algebraic modular forms on its compact inner form “twisted
at p and ∞”. He obtained this by restricting modular forms mod p to the Siegel
superspecial locus, and used the meaning of modular forms as global sections of an
automorphic bundle. The result of Ghitza has been generalized by Reduzzi [28] to
the Shimura varieties attached to unitary groups GU(r, s) associated to imaginary
quadratic fields where the prime p is inert. The description of Fp-structure of the
superspecial locus of this paper should provide finer information to the theory of
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algebraic modular forms. For example, the Frobenius map is closely related to an
Atkin-Lehner involution. One can also consider the refined JLC modulo p with
respect to the decomposition of automorphic forms by the Galois action.

The paper is organized as follows. Section 2 collects elementary properties of
schemes transformed by Galois groups and recalls Weil’s descent theorem for vari-
eties. In Section 3 we study the field of definition for the superspecial locus as well
as NP and EO strata. Proof of Theorem 1.1 is given in Section 4. In Section 5 we
show that results of Ibukiyama-Katsura mentioned above follow from Theorem 1.1.
In Section 6, we treat the situation with a prime-to-p level structure and generalize
Theorems 1.2, 1.3 and 1.4 to higher level structures. Similar results for the non-
principal genus case are also included. We abstract the properties of computing
trR(π0) and work on the trace formula in a slightly more general content. As a
result, we reduce the calculation of trace of R(π) to certain more manageable terms
when the level group is small.

2. Preliminaries

In this section we include elementary properties about schemes transformed by
Galois groups and Galois descent. This is for the reader’s convenience.

2.1. Let f : X → S be a morphism of schemes, and let τ : T → S be a base
morphism. Write XT := X ×S T for the fiber product, and hence we have the
cartesian diagram

(2.1)

XT
τX−−−−→ XyfT yf

T
τ−−−−→ S.

Let T ′ be a T -scheme, which also regarded as an S-scheme via τ . If t′ ∈ XT (T ′),
then τX ◦ t ∈ XS(T ′). By the functorial property of the fiber product, we get a
canonical isomorphism

(2.2) τX : XT (T ′)
∼→ XS(T ′).

2.2. Let f : X → S and τ : T → S be as above. Regarding X as a contravariant

functor, one has a map X(S)
τ∗−→ X(T ). Composing with the canonical isomor-

phism (2.2), we get a map,

(2.3) τ∗ : X(S)−→XT (T ).

Suppose that S = SpecA is affine. For any σ ∈ Aut(A), the group of ring
automorphisms of A, we have the cartesian diagram

(2.4)

σX
(σ∗)X−−−−→ Xyσf yf

S
σ∗−−−−→ S.

where σ∗ : S → S denotes the induced isomorphism and σX := X ×S,σ∗ S. Note
that as schemes, there is a natural morphism from σX to X only. The naive Galois
action on the solutions of X gives a mapping, through (2.3),

(2.5) σ∗ : X(A) −→ σX(A).
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However, this map does not arise from a morphism of schemes in general.
For any two elements σ1, σ2 ∈ Aut(A), one easily sees the relations:

(2.6) σ∗2 ◦ σ∗1 = (σ1σ2)∗, σ1(σ2X) = σ1σ2X, and (σ∗2)X ◦ (σ∗1)(σ2X) = (σ1σ2)∗X ,

and

(2.7) σ1∗σ2∗ = (σ1σ2)∗ : X(A)
σ2∗−−−−→ σ2X(A)

σ1∗−−−−→ σ1σ2X(A).

We remark that these relations (2.6) and (2.7) still hold if we replace the automor-
phism group Aut(A) by the monoid End(A) of ring endomorphisms of A.

2.3. Let fX : X → S and fY : Y → S be two schemes over S. Let τ : T → S be
a morphism of schemes. If f : X → Y is a morphism of schemes over S, then we
denote by fτ : XT → YT the induced morphism of schemes over T . So we have the
following cartesian diagram

(2.8)

XT
τX−−−−→ Xyfτ yf

YT
τY−−−−→ Y.

If τ ′ : T ′ → T be a T -scheme, then we have the relations

(2.9) (fτ )τ
′

= fττ
′
, τX ◦ τ ′XT = (ττ ′)X , and τY ◦ τ ′YT = (ττ ′)Y .

Following from functorial properties, we have the following commutative diagram
(cf. (2.3)) of sets

(2.10)

X(S)
τ∗−−−−→ XT (T )yf yfτ

Y (S)
τ∗−−−−→ YT (T ).

In general this is not induced from morphisms of schemes (under T = S). However,
in some special situation we do have such an analogue; see (3.2).

Suppose that S = SpecA and T = SpecB are affine. Let AutA(B) be the group
of A-automorphisms of B. For each element σ ∈ AutA(B) and f ∈ HomB(X ⊗A
B, Y ⊗A B), the action of σ on f is defined to be σ(f) := σf (see (2.4)) in the
cartesian diagram:

(2.11)

XT
σ∗X−−−−→ XTyσ(f)

yf
YT

σ∗Y−−−−→ YT .

Then σ1(σ2(f)) = (σ1σ2)(f), for σ1, σ2 ∈ AutA(B). That is, the group AutA(B)
acts on the set HomB(X ⊗A B, Y ⊗A B) from the left.
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2.4. Galois descent. We recall Weil’s descent theorem for varieties. By a variety
over a field k we mean a scheme of finite type of k that is geometrically irreducible.
Let k/k0 be a field extension; we say a variety V over k is defined over k0 if there
exists a variety V0 over k0 and there exists an isomorphism f : V0 ⊗k0 k ' V of
varieties over k. In this case, the pair (V0, f) is called a model of V over k0. Let k
be a finite separable extension of a field k0, and let V be a variety over k. Let k̄0 be
the algebraic closure of k0, and let I := Homk0(k, k̄0) be the set of field embeddings
of k into k̄0 over k0. The Galois group Gk0 := Gal(k̄0/k0) acts naturally on the
finite set I from the left: For σ ∈ I and ω ∈ Gk0 , set ωσ = ω ◦ σ. For each element
σ ∈ I, we write σV for the variety V ⊗k,σ k̄0 over k̄0. Suppose that there is a variety
V0 over k0 and there is an isomorphism f : V0 ⊗k0 k ' V of varieties over k. For
each σ ∈ I, we have an isomorphism σf : V 0 := V0 ⊗k0 k̄0 → σV over k̄0. Then, for
σ, τ ∈ I, we have an isomorphism

fτ, σ := τf ◦ (σf)−1 : σV
∼→ τV

of varieties over k̄0. It is easy to check that the morphisms fτ, σ satisfy the following
conditions:

(i) fτ,ρ = fτ,σ ◦ fσ,ρ for all τ, σ, ρ ∈ I,
(ii) fωτ,ωσ = ω(fτ,σ) for all τ, σ ∈ I and ω ∈ Gk0 .
Conversely, Weil showed that these necessary conditions are also sufficient for V

over k to have a model (V0, f) over k0, provided that V is quasi-projective over k.

Theorem 2.1. (Weil [34, Theorem 3]) Notations as above. Assume that V is
quasi-projective over k, and that for each pair of elements τ, σ ∈ I, there exists
an isomorphism fτ,σ : σV

∼→ τV such that the conditions (i) and (ii) are satisfied.
Then there exists a model (V0, f) of V over k0, unique up to an isomorphism over
k0, such that fτ,σ = τf ◦ (σf)−1, for all τ, σ ∈ I.

Moreover, if V is quasi-projective (resp. affine), then the variety V0 is quasi-
projective (resp. affine).

If the extension k/k0 is Galois, letting aσ := fσ,1 : V → σV , then the conditions
(i) and (ii) are equivalent to the 1-cocycle condition aτσ = τ(aσ) ◦ aτ for all τ, σ ∈
Gal(k/k0):

V
aτ
//

aτσ

))
τV

τ(aσ)
// τσV.

3. Abelian varieties in characteristic p

3.1. Let S be an Fp-scheme, and let fX : X → S be an S-scheme. Denote by
FS : S → S (resp. FX : X → X) the Frobenius morphism on S (resp. on X), which
is obtained by raising to the p-th power on its functions. Denote by

X(p) := X ×S,FS S
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the base change of X with respect to the morphism FS . Let FX/S be the relative
Frobenius morphism of X over S, which is defined by the following diagram:

(3.1) X FX

��

FX/S

!!

f

��

X(p) //

f
(p)
X

��

X

fX

��
S

FS // S.

Let fY : Y → S be an S-scheme, and let f : X → Y be a morphism of schemes
over S. We write f (p) for the morphism X(p) → Y (p) induced by the base change
morphism FS : S → S. Hence, we have the following cartesian diagram and
commutative diagram

(3.2)

X(p) −−−−→ Xyf(p)

yf
Y (p) −−−−→ Y,

X
FX/S−−−−→ X(p)yf yf(p)

Y
FY/S−−−−→ Y (p).

Note that the second diagram is not necessarily cartesian. If we write Frobp for the
Frobenius map OS → OS raising to the p-th power, then we also write Frobp(f)

for f (p).

3.2. Let A be an abelian variety over a perfect field k of characteristic p. Let
M∗(A) be the classical contravariant Dieudonné module of A. Let W (k) be the
ring of Witt vectors over k, and let σp be the Frobenius map on W (k). If K is a
perfect field containing the field k, then we have

(3.3) M∗(A⊗k K) = W (K)⊗W (k) M
∗(A).

In particular, we have

(3.4) M∗(A(p)) = W (k)⊗W (k), σp M
∗(A)

By definition, the Frobenius map F on M∗(A) is given by the composition of the
(W (k)-linear) pull-back map

F ∗X/k : M∗(A(p))→M∗(A)

and the σp-linear map

1⊗ id : M∗(A)→W (k)⊗W (k), σp M
∗(A) = M∗(A(p)).

Proposition 3.1. Let X be a p-divisible group over an algebraically closed field k
of characteristic p, and let σ be an automorphism of the field k.

(1) The p-divisible groups X and σX have the same Newton polygon.
(2) The p-divisible groups X and σX have the same Ekedahl-Oort type. That

is, there exists an isomorphism X[p] ' σX[p] of finite group schemes over
k, where X[p] denotes the finite subgroup scheme of p-torsion of X.

(3) If X is superspecial, then so σX is.
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Proof. (1) Let X0 be a p-divisible group over Fp which has the same Newton
polygon as X does. Choose an isogeny ϕ : X0 → X over k. Then we have the
commutative diagram

X

f $$

X0 = σX0
ϕoo

f0=σf0

��

σϕ // σX

σfvv
Spec k .

This shows that there is an isogeny between the p-divisible groups X and σX.
(2) According to the classification of the truncated BT groups of level 1 (see [24]),

there is a p-divisible group X0 over Fp such that an isomorphism X[p] ' X0[p] over
k exists. Applying the automorphism σ on this isomorphism, we get an isomorphism
σX[p] ' σX0[p] = X0[p] over k. This proves (2).

(3) Since X is superspecial, we have FM∗(X) = VM∗(X). This yields that
FM∗(σX) = VM∗(σX). Therefore, the p-divisible group σX is superspecial.

Recall that Λg is the superspecial locus of Ag ⊗ Fp. The following result follows
from Proposition 3.1 (3).

Corollary 3.2. The action of the Galois group G := Gal(Fp/Fp) on the set Ag(Fp)
leaves the superspecial locus Λg invariant.

3.3. For any abelian variety A over a field of characteristic p, we write A(`) :=
A[`∞] for the associated `-divisible group, and T`(A) for the Tate module module
of A in the case ` 6= p. Let σp be the Frobenius automorphism in G.

Lemma 3.3. Let A0 be an abelian variety over Fp. Let π0 be the Frobenius endo-
morphism of A0 over Fp.

(1) For any endomorphism f ∈ EndFp(A0 ⊗ Fp) of A0 ⊗ Fp, we have the com-

mutative diagram of abelian varieties over Fp

(3.5)

A0 ⊗ Fp
f−−−−→ A0 ⊗ Fpyπ0

yπ0

A0 ⊗ Fp
σp(f)−−−−→ A0 ⊗ Fp.

(2) For any prime ` and any endomorphism f of the `-divisible group A0(`)⊗Fp,

we have the commutative diagram of `-divisible groups over Fp

(3.6)

A0(`)⊗ Fp
f−−−−→ A0(`)⊗ Fpyπ0

yπ0

A0(`)⊗ Fp
σp(f)−−−−→ A0(`)⊗ Fp.
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(3) For any prime ` 6= p, any endomorphism f of the Tate module T`(A0) and
any element σ ∈ G, we have the commutative diagram of Tate modules

(3.7)

T`(A0)
f−−−−→ T`(A0)yσ yσ

T`(A0)
σ(f)−−−−→ T`(A0).

Proof. The statements (1) and (2) follow immediately from the second commuta-
tive diagram in (3.2). The statement (3) follows immediately from the commutative
diagram (2.10) by letting S = T = SpecFp and τ = σ∗ and taking the projective
limit.

3.4. An example. We show that there is a p-divisible group X over an alge-
braically closed field k such that X is not isomorphic to σX for some automorphism
σ of k. Let E0 be a supersingular p-divisible group of rank 2 over Fp2 such that

the relative Frobenius morphism (from E0 → E
(p2)
0 = E0) is equal to the morphism

[−p]. Let X0 := E2
0 . The functor

P : (Fp2−schemes)→ (sets), P(T ) := HomT (αp × T,X0 × T )

is representable by the projective line P1 over Fp2 . Since any morphism ϕ ∈
HomT (αp×T,X0×T ) factors through the morphism (αp×αp)×T → X0×T , the
group EndFp2 (α2

p)
× = GL2(Fp2) acts naturally on the projective line from the left.

For any point ϕ = [a : b] ∈ P1(k), we write X[a:b] for the quotient p-divisible group
X0/ϕ(ϕ).

Lemma 3.4. Two p-divisible groups X[a:b] and X[a′:b′] are isomorphic over k if
and only if there exists an element h ∈ GL2(Fp2) such that h[a : b] = [a′ : b′].

We leave this as an exercise to the reader. Take k = Fp(t). Let b ∈ k be any
linear fractional transformation such that [1 : b] 6∈ GL2(Fp2)[1 : t]. Let σ ∈ Aut(k)
be an automorphism which sends t to b. Then the p-divisible group σX[1:t] = X[1:b]

is not isomorphic to X[1:t] over k.

3.5. Relationship between p-divisible groups X and σX. Let c, d be two
positive integers. Let p-div(d, c)(k) be the set of isomorphism classes of p-divisible
groups X of dimension d and of co-dimension c over a field k of characteristic p.
By a p-adic invariant ψ we mean the association to the equivalence class for an
equivalent relation ∼ on p-div(d, c)(k) that is defined using the morphisms Fm,
V n and [pr], for some integers m,n, r. For any two p-divisible groups X1, X2 ∈
p-div(d, c)(k), we write ψ(X1) = ψ(X2) if X1 ∼ X2. Examples of equivalence
relations (over an algebraically closed field) are:

(i) Define X1 ∼ X2 if X1 is isogenous to X2. In this case, the p-adic invariant
ψ associates to X its Newton polygon NP (X).

(ii) Define X1 ∼ X2 if there exists an isomorphism X1[p] ' X2[p]. In this case,
the p-adic invariant ψ associates to X its EO type ES(X); see Oort [24]
for detail descriptions of EO types.

(iii) Define X1 ∼ X2 if there exists an isomorphism X1 ' X2. In this case, the
p-adic invariant ψ associates to X the isomorphism class of itself.
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A p-adic invariant ψ is said to be discrete if the image

Ψ(k) := {ψ(X);X ∈ p-div(d, c)(k) }

is finite for any algebraically closed field k ⊃ Fp. The p-adic invariants in (i) and
(ii) are discrete, while the p-adic invariant in (iii) is not.

Proposition 3.5. Let ψ be a discrete p-adic invariant on the set p-div(d, c)(k),
where k is an algebraically closed field of characteristic p. Then there is a p-power
integer q ∈ N such that

ψ(X) = ψ(σX)

for all X ∈ p-div(d, c)(k) and σ ∈ Gal(k/Fq).

Proof. Since ψ is discrete, there is a p-power integer q ∈ N such that for any
X ∈ p-div(d, c)(k), there is a p-divisible group X0 over Fq such that

(3.8) ψ(X) = ψ(X0 ⊗Fq k).

(otherwise Ψ(Fp) would be infinite). We apply any element σ ∈ Gal(k/Fq) and get
ψ(σX) = ψ(X0 ⊗Fq k). Then the assertion follows.

Due to the example in Section 3.4, Proposition 3.5 seems to be the best we can
hope for about the relationship between the p-divisible groups X and σX.

4. Proof of Theorem 1.1

4.1. LetA0 = (A0, λ0) be a g-dimensional superspecial principally polarized abelian
variety over Fp. Recall that to the polarized abelian variety A0 we associate two
group schemes G1 ⊂ G over Z as (1.1). Let ν : G → Gm be the multiplier char-
acter; we have ker ν = G1. Recall that σp denotes the Frobenius automorphism in

G = Gal(Fp/Fp), and π0 is the Frobenius endomorphism of A0 over Fp.

Lemma 4.1. We have π0 ∈ G(Q).

Proof. Choose any prime ` 6= p. The polarization λ0 induces the Weil pairing
e` : T`(A0)×T`(A0)→ Z`(1), which is G-equivariant. Then we have (cf. Lemma 3.3
(2) and (3)) e`(πx0, π0y) = e`(σpx, σpy) = pe`(x, y) and π′0π0 = p on T`(A0). Since
the `-adic representation is faithful, π0 ∈ G(Q).

Proposition 4.2. The action of G on G(Af ) is given by

(4.1) σp(x`)` = (π0x`π
−1
0 )`, (x`)` ∈ G(Af ).

Proof. It suffices to show that for any prime ` (including p), the action of G on
End(A0 ⊗ Fp)⊗ Z` is given by

(4.2) σpx` = π0x`π
−1
0 , x` ∈ End(A0 ⊗ Fp)⊗ Z`.

Since A0 is supersingular, we have the natural isomorphism

End(A0 ⊗ Fp)⊗ Z` ' End(A(`)⊗ Fp).

The relation (4.2) then follows from Lemma 3.3 (2).
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4.2. We now describe the map

d1 : G1(Q)\G1(Af )/G1(Ẑ) ' Λg

and show that it is G-equivariant. We introduce some notation.

Notation. Let k be any field. Let ` be a prime, not necessarily invertible in k. For
any object A = (A, λ) in Ag over k, we write A(`) := (A, λ)[`∞] for the associated
`-divisible group with the induced quasi-polarization. For any two members A1 =
(A1, λ1) and A2 = (A2, λ2) in Ag over k, denote by

• Isogk(A1, A2) (resp. Isomk(A1, A2)) the set of quasi-isogenies (resp. isomor-
phisms) ϕ : A1 → A2 over k such that ϕ∗λ2 = λ1, and
• Isogk(A1(`), A2(`)) (resp. Isomk(A1(`), A2(`))) the set of quasi-isogenies

(resp. isomorphisms) ϕ : A1[`∞]→ A2[`∞] such that ϕ∗λ2 = λ1.

Proposition 4.3. Let (φ`)` ∈ G1(Af ) be an element. Then there exist

• a member A = (A, λ) ∈ Λg determined up to isomorphism,
• a quasi-isogeny φ ∈ IsogFp(A,A0), and

• an isomorphism α` ∈ IsomFp(A0(`), A(`)) for each `

such that φ` = φ ◦ α` for all `. Moreover, the map d̃1 : G1(Af )→ Λg which sends
(φ`)` to the isomorphism class [A] induces a well-defined and bijective map

d1 : G1(Q)\G1(Af )/G1(Ẑ) ' Λg.

Proof. See [35, Theorem 10.5] or [39, Theorem 2.2].

Let (φ`)` ∈ G1(Af ) be an element, and let A, φ, α` be as in Proposition 4.3.
Applying an element σ ∈ G, we get

σ(φ) ∈ IsogFp(σA,A0), σ(α`) ∈ IsomFp(A0(`), σA(`))

and
σ(φ`) = σ(φ) ◦ σ(α`), ∀ `.

This yields d̃1(σ(φ`)`) = [ σA], that is, the map d̃1 is G-equivariant.
The inclusion G1(Af ) → G(Af ) is G-equivariant and it induces a G-equivariant

bijection
G1(Q)\G1(Af )/G1(Ẑ) ' G(Q)\G(Af )/G(Ẑ).

Let

d̃ : G(Af )→ G(Q)\G(Af )/G(Ẑ) ' G1(Q)\G1(Af )/G1(Ẑ)
d1→ Λg

be the composition. Therefore, the induced map d̃ : G(Af )→ Λg is G-equivariant.
This proves Theorem 1.1.

Remark 4.4. For a suitable choice of the base point (A0, λ0) as the product of copies
of E0 with π2

E0
= −p, one easily sees that π0 can be represented as the matrix(

0 −pIg
Ig 0

)
,

for a suitable identification End0(A0) ' Mg(Bp,∞) ⊂ M2g(Q(
√
−p)), where Ig

is the identity matrix of size g. The action of Frobenius automorphism σp on

G(Q)\G(Af )/G(Ẑ), according to Proposition 4.2, is an involution of Atkin-Lehner
type.
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5. Proofs of Theorems 1.2 and 1.3

In this and the next sections, we fix a base point (A0, λ0) over Fp as

(5.1) (A0, λ0) = (Eg0 , µ
g
0),

where E0 is a supersingular elliptic curve over Fp satisfying π2
E0

= −p, and µ0 is
the canonical polarization on E0. Let G be the group scheme over Z associated to
(A0, λ0) as in (1.1).

5.1. Proofs of Theorems 1.2 and 1.3 (1).

Proposition 5.1. Every member (A, λ) in Λg has a unique model defined over Fp2 ,
up to isomorphism over Fp2 , such that the quasi-isogeny φ in Proposition 4.3 can
be chosen defined over Fp2 .

Proof. This refines [12, Lemma 2.1]. Let (φ`) ∈ G1(Af ) be an element such that
the class [(φ`)] corresponds to (A, λ). Let φ and α` for all ` be as in Proposition 4.3.
If σ ∈ Gal(Fp/Fp2), then by Theorem 1.1 we have σ(φ) ◦ σ(α`) = φ ◦α`, and hence

φσ := φ−1◦σ(φ) : (σA,σλ)→ (A, λ) is an isomorphism. For σ, τ ∈ Gal(Fp/Fp2), put
fτ,σ = φ−1

τ ◦ φσ : ( σA, σλ) ' ( τA, τλ). Then it is easy to check that the conditions
(i) and (ii) of Theorem 2.1 for fτ,σ are satisfied. Therefore by Weil’s Theorem, there

exist a model (A1, λ1) over Fp2 and an isomorphism f : (A1, λ1) ⊗Fp2 Fp ' (A, λ)

such that φσ = f ◦ σ(f)−1. We get σ(φ ◦ f) = φ ◦ f , and hence φ1 := φ ◦ f is a
quasi-isogeny in IsogFp2 (A1, A0)

Suppose that (A2, λ2) is another model over Fp2 of (A, λ) such that the set
IsogFp2 (A2, A0) is non-empty. Then we can choose φ2 ∈ IsogFp2 (A2, A0) such that

φ−1
2 φ1 : A1 → A2 is an isomorphism, which is defined over Fp2 .

Definition 5.2. We shall call the unique model A1 obtained in Proposition 5.1 the
canonical model of (A, λ) over Fp2 . Note that if A1 is a canonical model over Fp2 ,
then the Frobenius endomorphism πA1

of A1 over Fp2 is equal to −p, and hence

every endomorphism in EndFp(A1 ⊗ Fp) is defined over Fp2 .

Let Λg ⊂ Ag be the superspecial locus; Λg = Λp(Fp) classifies Fp-isomorphism
class of g-dimensional superspecial principally polarized abelian varieties. The set
Λg(Fp) of Fp-rational points consists objects in Λg that are fixed by σp. It follows
from Theorem 1.1 that Λg(Fp2) = Λg.

Proposition 5.1 allows us to identify Λg with the set of Fp2-isomorphism classes
of g-dimensional superspecial principally polarized abelian varieties (A1, λ1) over
Fp2 such that the set IsogFp2 (A1, A0) (see Section 4.2) is non-empty.

Recall that U := G(Ẑ) ⊂ G(Af ) and U(π0) := Uπ0 = π0U ⊂ G(Af ).

Proposition 5.3.

(1) Let (A, λ) be a member in Λg and let [x] ∈ G(Q)\G(Af )/U be the double
coset corresponding to (A, λ). Then (A, λ) lies in Λg(Fp) if and only if

(5.2) G(Q) ∩ xU(π0)x−1 6= ∅.

(2) We have |Λg(Fp)| = trR(π0).
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Proof. (1) The isomorphism class of (A, λ) is fixed by σp exactly when [x] =

[π0xπ
−1
0 ] = [xπ0]. Therefore, there are some elements u ∈ U and a ∈ G(Q) such

that x = axπ0u. We get a−1 = xπ0ux
−1. This is equivalent to condition (5.2).

(2) By Theorem 1.1, R(π0) is the operator induced by the action of σ−1
p . There-

fore, the number of fixed points of σp is equal to trR(π0).

Lemma 5.4. Let (A, λ) be a polarized abelian variety over Fp, and suppose that
the field of moduli of (A, λ) is Fpa . Then (A, λ) has a model defined over Fpa .
Particularly, any member (A, λ) ∈ Λg(Fp) admits a model defined over Fp.

Proof. Put q := pa and let σ : x 7→ xq be the Frobenius automorphism in
Gal(Fp/Fq). Suppose (A, λ) has a model (A1, λ1) defined over Fqc for some positive
integer c divisible by a. Increasing c if necessary, we may assume that EndFp(A) =

EndFpc (A1). As the field of moduli of (A, λ) is Fpa , there exists an isomorphism

aσ : (A, λ) ' ( σA, σλ)

of polarized abelian varieties over Fp. Let

bσ := σc−1(aσ) · · ·σ(aσ)aσ : (A, λ)→ (A, λ)

be the composition. Since bσ is an automorphism of (A, λ), it is of finite order, say
bmσ = 1 for some m ≥ 1. It follows from End(A) = End(A1) that σc(bσ) = bσ. We
get

(5.3) σmc−1(aσ) · · ·σ(aσ)aσ = 1.

Define aσn := σ(aσn−1)aσ recursively. The collection of automorphisms aσn satis-
fies the 1-cocycle condition for the Galois extension Fqmc/Fq, by (5.3). Then by
Weil’s criterion (Theorem 2.1), there exist an abelian variety A′ over Fq and an

isomorphism f : A′ ⊗ Fp ' A such that aσ = σ(f) ◦ f−1. Set λ′ := f∗λ. Using
λ = a∗σσ(λ), we get

λ′ = f tλf = f t(a∗σσ(λ))f

= f tatσσ(λ)aσf = σ(f t)σ(λ)σ(f) = σ(λ′).
(5.4)

This shows that (A′, λ′) is a model defined over Fq of (A, λ).

Theorems 1.2 and 1.3 (1) follow from Propositions 5.1, 5.3 and Lemma 5.4.
We remark that the same proof of Lemma 5.4 also shows the following general-

ization:

Proposition 5.5. Let (X, ξ) be an (irreducible) variety over Fp together with an
additional structure ξ which is defined algebraically. If the automorphism group
AutFp(X, ξ) is finite and assume that the Weil descent datum for (X, ξ) is effective,

then (X, ξ) has a model defined over the field of moduli of (X, ξ).

When X is quasi-projective and ξ is a polarization (an algebraic equivalence
class of an ample line bundle) and/or a morphism in Mor(Xm, Xn), where Xm =
X×k · · ·×kX is the m-fold fiber product of X, the assumption of the Weil descent
datum holds for (X, ξ).
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5.2. Proof of Theorem 1.3 (2). Let D be the group scheme over Z representing
the following functor

R→ (End(E0 ⊗ Fp)⊗R)×,

where R is a commutative ring. In particular, D(Qp) = (Bp,∞ ⊗Qp)×. We regard
D as a subgroup scheme of G through the diagonal embedding. Let Z be the center
of G.

Lemma 5.6.

(1) For any prime ` 6= p, the subgroup N` of G(Q`) which normalizes the
maximal order End(A0 ⊗ Fp)⊗ Z` is Z(Q`)G(Z`).

(2) The subgroup Np of G(Qp) which normalizes the maximal order End(A0 ⊗
Fp)⊗ Zp is D(Qp)G(Zp).

Proof. We sketch the proof; the omitted part is mere straightforward computa-
tion. Put H` := Z(Q`)G(Z`), for ` 6= p, and Hp := D(Qp)G(Zp). It is clear that the
group Hv normalizes the order Ov := EndFp(A0)⊗Zv. It suffices to show that any

element ḡ in Nv/Hv is the identity class. By the Iwasawa decomposition, we have
G(Qv) = P (Qv)G(Zv), where P is the standard minimal parabolic subgroup over
Qv. We may assume that a representative g` (resp. gp) is a upper triangular matrix
in G(Q`) ⊂M2g(Q`) (resp. in G(Qp) ⊂Mg(Bp,∞⊗Qp). Let Eij denote the matrix
in which the (i, j)-entry is 1 and others are zero. It follows from gvEijg

−1
v ∈ Ov for

all i, j (by looking at its (i, j)-entry) that the diagonal entries of gv have the same
valuation. Modulo Hv, we may assume that gv lies in the group of upper triangular
unipotent matrices. It follows from gvEiig

−1
v ∈ Ov for all i that every entry of gv

is integral and hence gv ∈ G(Zv). This shows the lemma.

Remark 5.7. One can also use the Cartan decomposition to show Lemma 5.6.

Let Ũ be the open subgroup of G(Af ) generated by the open compact subgroup
U and the element π0. Since π0 normalizes U and πm0 6∈ U for m 6= 0, we have

Ũ =
⋃
m∈Z

Uπm0 , (disjoint).

Consider G(Q) as a subgroup of G(Qv) for each place v, and identify π0 with its
image in G(Qv). Note that π0 ∈ G(Z`) for ` 6= p, and π0 ∈ D(Qp), which is also a
uniformizer of the division quaternion algebra Bp,∞ ⊗Qp. We have

Ũ = Ũp × Up, Ũp =
⋃
m∈Z

G(Zp)πm0 = D(Qp)G(Zp),

where Up =
∏
` 6=pG(Z`).

Corollary 5.8. Notations as above. The natural map

G(Q)\G(Af )/Ũ → T (G) = G(Q)\G(Af )/N

is bijective.

Proof. By Lemma 5.6, we have

G(Q)\G(Af )/N = G(Q)\G(Af )/(Ũp × Z(Apf )Up).

The latter is equal to

G(Q)({1} × Z(Apf ))\G(Af )/(Ũp × Up) = G(Q)({1} × Z(Ẑp))\G(Af )/Ũ .
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Since Z(Ẑp) ⊂ Up, the latter is equal to G(Q)\G(Af )/Ũ . This finishes the proof.
Note that the proof uses class number one of Z.

Theorem 5.9. The natural projection pr : G(Q)\G(Af )/U = Λg → T (G) induces
a bijection between the set of Gal(Fp2/Fp)-orbits of Λg the set T (G).

Proof. By Corollary 5.8, the map Λg → T (G) is simply the projection map

pr : G(Q)\G(Af )/U → G(Q)\G(Af )/Ũ , and the Frobenius σp = σ−1
p acts as

[x] 7→ [xπ0] for x ∈ G(Af ). Since π0 normalizes U , we have pr([x]) = pr([xπ0]).
Suppose pr([x]) = pr([y]) for x, y ∈ G(Af ). Then y = axπm0 u for some m ∈ Z,
u ∈ U and a ∈ G(Q). Since π2

0 = −p is in the center, we may assume m = 0 or 1.
Then [y] = [xπm0 ] for m = 0 or 1. This completes the proof.

Let Λ′g := Λg(Fp)c be the complement of Λg(Fp) in Λp. Theorem 5.9 shows that

(5.5)
1

2
|Λ′g|+ |Λg(Fp)| = T.

By H = |Λg| = |Λ′g|+ |Λg(Fp)| and trR(π0) = |Λg(Fp)|, we get

trR(π0) = 2T −H.
Theorem 1.3 (2) is proved.

Remark 5.10. We discuss a bit some relationship between Proposition 5.1 and
Lemma 5.4. We call a model (A′, λ′) over Fp of a member (A, λ) in Λg(Fp) nearly
canonical if the set IsogFp2 (A′, A0) is non-empty, that is, the base change (A′, λ′)⊗Fp
Fp2 is the canonical model over Fp2 (Definition 5.2). We do not know whether or
not any member (A, λ) in Λg(Fp) admits a model over Fp which is nearly canonical.
The object (A, λ) admits a nearly canonical model over Fp if and only if one can
choose an automorphism aσp : (A, λ) ' ( σpA, σpλ) such that σp(aσp)aσp = 1.

For g = 1 and g = 2, 3, the set Λ1 has only one member E as the class number
of Bp,∞ is one. Therefore, Λ1(Fp) = Λ1 and any supersingular elliptic curve E0

over Fp is a model of E. The Weil polynomial of E0 is t2 + 2, or t2 ± 2t + 2 for
p = 2, and t2 + 2, or t2 ± 3t+ 3 for p = 3. Thus, we conclude that a model over Fp
of a member (A, λ) ∈ Λg(Fp) is not unique in general, and is not necessarily to be
nearly canonical.

6. Variants with level structures

In this section, the ground field for abelian varieties, if not specified otherwise,
is always Fp.

6.1. We keep the notation as in the previous sections. Let N be a prime-to-p
positive integer. Let UpN be the kernel of the reduction map G(Ẑ(p))→ G(Z/NZ),

Up := G(Zp), and UN := Up × UpN , where Ẑ(p) :=
∏
` 6=p Z`.

Definition 6.1. Let (A, λ) be a member of Λg. A level-N structure on (A, λ) with

respect to A0 (over Fp) is an isomorphism ηN : A0[N ] ' A[N ] over Fp such that
there exists an automorphism ζ ∈ AutFp(µN ) = (Z/NZ)× such that

(6.1) eλ(η(x), η(y)) = ζeλ0(x, y), ∀x, y ∈ A0[N ],

where eλ : A[N ]×A[N ]→ µN denotes the Weil pairing induced by the polarization
λ.
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Denote by Λ∗g,N the set of isomorphism classes of objects (A, λ, ηN ) over Fp,
where

• (A, λ) ∈ Λg, and
• ηN is a level-N structure on (A, λ) with respect to A0.

Two objects (A, λ, ηN ) and (A′, λ′, η′N ) are isomorphic, denoted as (A, λ, ηN ) '
(A′, λ′, η′N ), if there exists an isomorphism ϕ : A → A′ such that ϕ∗λ′ = λ and

ϕ∗ηN = η′N . By an object (A, λ, ηN ) over a subfield k0 ⊂ Fp we mean that both
(A, λ) and ηN : A0[N ] ' A[N ] are defined over k0. As noted in Section 1, the main
purpose of introducing Λ∗g,N is to make a precise meaning in the geometric side of

(1.7).
For any prime `, let

GIsom(A0(`), A(`))

denote the set of isomorphisms η : A0[`∞]→ A[`∞] (over Fp) such that η∗λ = ζλ0

for some ζ ∈ Z×` ; it is a right G(Z`)-torsor. (The letter “G” stands for preserving the
(quasi-)polarizations up to scalars. Compare the definitions Isog(·, ·) in Section 4.2
and GIsog(·, ·) in Section 6.2.) For such η, one has

(6.2) eλ(η(x), η(y)) = ζeλ0
(x, y), ∀x, y ∈ A0[`m], ∀m ≥ 1 ∈ Z.

If η is an element in
∏
` GIsom(A0(`), A(`)), where ` runs over all primes in Q, then

the restriction η|A0[N ] of η to A0[N ] is a level-N structure on (A, λ) with respect
to A0. Conversely, we have

Lemma 6.2. Any level-N structure ηN on (A, λ) ∈ Λg with respect to A0 can be
lifted to an element η in

∏
` GIsom(A0(`), A(`)).

Proof. We may assume that N = `m is a power of ` and show that ηN can be
lifted in GIsom(A0(`), A(`)), where ` 6= p. Since A0(`) is isomorphic to A(`), we
may also assume that A = A0. We have End(A0) ⊗ Z` ' End(A0(`)), and hence
G(Z`) = GIsom(A0(`), A0(`)). On the other hand, the group G(Z/`mZ) consists of
elements ϕ̄ ∈ End(A0(`))⊗(Z/`mZ) such that ϕ̄′ϕ̄ = ζ ∈ (Z/`mZ)×. We shall show
the natural map End(A0(`)) ⊗ Z/`mZ → End(A0[`m]) is an isomorphism. It then
follows that G(Z/`mZ) is isomorphic to the group of elements η ∈ End(A0[`m]) such
that η∗eλ0

= ζeλ0
for some ζ ∈ (Z/`mZ)×. It follows from the smoothness of G⊗Z`

(as G ⊗ Z` ' GSp2g) that the reduction map G(Z`) → G(Z/`mZ) is surjective.
Therefore, the element η can be lifted to an element ϕ ∈ GIsom(A0(`), A0(`)).

Since ` 6= p, we have End(A0(`)) = End(T`(A0)). Since T`(A0) is a finite free
Z`-module, we have

End(T`(A0))⊗ Z/`mZ = End(T`(A0)/`mT`(A0)) = End(A0[`m]).

This proves the isomorphism End(A0(`)) ⊗ Z/`mZ ' End(A0[`m]) and hence the
lemma.

By Lemma 6.2, each level-N structure ηN on (A, λ) uniquely determines a UN -
orbit

[η] :=

{
η ∈

∏
`

GIsom(A0(`), A(`))
∣∣∣ η|A0[N ] = ηN

}
in the G(Ẑ)-torsor

∏
` GIsom(A0(`), A(`)).
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Remark 6.3. (1) One can define the notion of level-N structure on an object
(A, λ) in Λg with respect to A0 in the same way as Definition 6.1 without the
assumption (p,N) = 1. However, Lemma 6.2 fails if p |N because the natural map
End(A0(p)) ⊗ Z/pmZ → End(A0[pm]) is not an isomorphism. For example, let E
be a supersingular elliptic curve, then

End(E[p]) '
{(

a 0
b ap

) ∣∣∣ a ∈ Fp2 , b ∈ Fp
}

while

End(E(p))⊗ Z/pZ '
{(

a 0
b ap

) ∣∣∣ a, b ∈ Fp2
}
.

(2) For any positive integer N , we call an element

[η] ∈

[∏
`

GIsom(A0(`), A(`))

]
/UN

an (A0, UN )-level structure on the object (A, λ) (see [39, Section 2.2]). This is a bet-
ter notion of level-N structure on A. For any subfield k0 of Fp, an object (A, λ, [η])
over k0 is defined to be an superspecial principally polarized abelian variety (A, λ)
over k0 together with an (A0, UN )-level structure [η] on (A, λ)⊗Fp which is invari-

ant under the Gal(Fp/k0)-action. One can prove that if the isomorphism class of

an objective (A, λ, [η]) over Fp is defined over k0, then (A, λ, [η]) admits a model
(A′, λ′, [η′]) over k0. The proof is similar to those of Lemma 6.5 and of Theorem 6.6
(1).

6.2. For each object A = (A, λ) ∈ Ag(Fp), we write

T (p)(A) :=
∏
6̀=p

T`(A)

for the prime-to-p Tate module of A, and V (p)(A) := T (p)(A) ⊗Ẑ(p) Apf , where Apf
is the prime-to-p finite adele ring of Q. Let

〈 , 〉λ : V (p)(A)× V (p)(A)→ Apf (1) := V (p)(Gm)

be the induced non-degenerate alternating pairing, for which T (p)(A) is a self-dual

Ẑ(p)-lattice. For brevity, we write V (p)(A) := (V (p)(A), 〈 , 〉λ). We introduce some
more notation.

Notation. (1) For any two objects A,A′ in Ag(Fp), we denote by

GIsom(V (p)(A), V (p)(A′))

the set of isomorphisms η : V (p)(A)→ V (p)(A′) such that there exists an automor-
phism ζ ∈ Aut(Apf (1)) = (Apf )× such that

(6.3) 〈η(x), η(y)〉λ′ = ζ〈η(x), η(y)〉λ, ∀x, y ∈ V (p)(A).

The letter“G” stands for preserving polarizations up to scalars.
(2) For any field k and two objects A1 = (A1, λ1) and A2 = (A2, λ2) in Ag(k),

denote by GIsog
(p)
k (A1, A2) the set of prime-to-p quasi-isogenies ϕ : A1 → A2 over

k such that ϕ∗λ2 = qλ1 for some q ∈ Z×(p),+, where Z×(p),+ ⊂ Z×(p) denotes the subset
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consisting of all positive elements.

Let Λ
(p)
g,N denote the set of equivalence classes of objects (A, λ, [η]p) over Fp, where

(A, λ) ∈ Λg and [η]p is an element in GIsom(V (p)(A0), V (p)(A))/UpN . Two objects
(A, λ, [η]p) and (A′, λ′, [η′]p) are equivalent, denoted as (A, λ, [η]p) ∼ (A′, λ′, [η′]p),

if there is a quasi-isogeny ϕ ∈ GIsog
(p)

Fp
((A, λ), (A′, λ′)) such that ϕ∗[η]p = [η′]p.

There is a natural map f : Λ∗g,N → Λ
(p)
g,N which sends each object (A, λ, ηN ) to

(A, λ, [η]p), where [η]p is the class of maps η on
∏
` 6=pA0(`) whose restriction to

A0[N ] is equal to ηN , as we have the identification∏
` 6=p

GIsom(A0(`), A(`)) = GIsom(T (p)(A0), T (p)(A))

⊂ GIsom(V (p)(A0), V (p)(A)).

Theorem 6.4.

(1) The natural map f : Λ∗g,N → Λ
(p)
g,N is bijective and compatible with the

action of the Galois group G.

(2) There is a natural bijective map cN : Λ
(p)
g,N → G(Q)\G(Af )/UN for which

the base point (A0, λ0, [id]) is sent to the identity class [1] and cN is G-
equivariant.

Proof. (1) Let (A, λ, ηN ) and (A′, λ′, η′N ) be two objects in Λ∗g,N such that

(A, λ, [η]p) ∼ (A′, λ′, [η′]p). Then there is a prime-to-p quasi-isogeny ϕ : A → A′

such that ϕ∗λ′ = qλ for some q ∈ Z×(p),+ such that [ϕη]p = [η′]p. We may assume

η′ = ϕη. As η′η−1 maps T (p)(A) onto T (p)(A′), the map ϕ = η′η−1 induces an
isomorphism from T (p)(A) to T (p)(A′). Therefore, v`(q) = 0 for all ` 6= p, and
hence we have ϕ∗λ′ = λ and ϕηN = η′N . This shows the injectivity.

We show the surjectivity. Let (A, λ, [η]p) be an object in Λ
(p)
g,N , where η ∈

GIsom(V (p)(A0), V (p)(A)). Let ζ ∈ (Apf )× such that η∗〈 , 〉λ = ζ〈 , 〉λ0
. Choose a

positive number α ∈ Z×(p) so that αζ ∈ (Ẑ(p))×. Choose a prime-to-p quasi-isogeny

ϕ on A such that ϕ∗λ = αλ. Then (A, λ, [η]p) ∼ (A, λ, [ϕη]p). Replacing η by ϕη,

we may assume that ζ ∈ (Ẑ(p))×. Let L := η(T (p)(A0)) ⊂ V (p)(A)) be the image
of T (p)(A0) under η. By a theorem of Tate, there are a abelian variety A′ and a
prime-to-p quasi-isogeny ϕ′ : A′ → A such that the map ϕ′ induces an isomorphism

T (p)(A′)
ϕ′−→ T (p)(A) ' L ⊂ V (p)(A);

the pair (A′, ϕ′) is uniquely determined up to isomorphism by this property. Let
λ′ := ϕ′∗λ, considered as an element in Hom(A′, (A′)t) ⊗ Z(p); one has 〈 , 〉λ′ =
ϕ′∗〈 , 〉λ. We have the following diagram:

T (p)(A0), ζ〈 , 〉λ0

η

��

ϕ′−1η

vv
T (p)(A′), 〈 , 〉λ′

ϕ′ // L, 〈 , 〉λ

It follows from ϕ′−1 ◦ η ∈ GIsom(T (p)(A0), T (p)(A)) that λ′ is a principal polariza-
tion. Then (A, λ, [η]p) ∼ (A′, λ′, [ϕ′−1 ◦ η]p) and the latter comes from an element
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in Λ∗g,N . This shows the surjectivity. It is obvious that the map f is compatible
with the action of G.

(2) We define the map cN . Given an object (A, λ, [η]p) in Λ
(p)
g,N , there is a

prime-to-p quasi-isogeny ϕ : A → A0 such that ϕ∗λ0 = qλ for some q ∈ Z×(p),+.

Then [ϕη]p ∈ G(Apf )/UpN . If ϕ′ is another such a morphism, the ϕ′ = aϕ for

some a ∈ G(Z(p)). Then the map (A, λ, [η]p) 7→ [ϕη]p induces a well-defined

map, denoted by cpN , from Λ
(p)
g,N to G(Z(p))\G(Apf )/UpN . Using the isomorphism

G(Z(p))\G(Apf )/UpN ' G(Q)\G(Af )/UN , we get a map

cN : Λ
(p)
g,N → G(Q)\G(Af )/UN .

We need to show that the map cpN is bijective and G-equivariant. Let A =

(A, λ, [η]p) and A′ = (A′, λ′, [η′]p) be two objects in Λ
(p)
g,N , and let ϕ, ϕ′ be prime-

to-p quasi-isogenies to A0, respectively. Suppose that [ϕη]p = [ϕ′η′]p, that is
cpN (A) = cpN (A′). Then the morphism a := ϕ′−1ϕ : A → A′ is a prime-to-p

quasi-isogeny such that a∗λ′ ∈ Z×(p),+λ and a∗[η]p = [η′]p. This shows the injectiv-

ity.
We show the surjectivity. Let [φ] ∈ G(Z(p))\G(Apf )/UpN be a class, where φ ∈

G(Apf ). Let ζ := ν(φ) ∈ (Apf )×. Replacing φ by aφ for a suitable a ∈ G(Q), we may

assume that ζ ∈ (Ẑ(p))×. Let L := φ(T (p)(A)) ⊂ V (p)(A) be the image of T (p)(A)
under φ. By a theorem of Tate, there exist an abelian variety A and a prime-to-p
quasi-isogeny ϕ : A → A0 such that ϕ : T (p)(A) ' L ⊂ V (p)(A). As ϕ is a prime-
to-p quasi-isogeny, A is superspecial. Put λ := ϕ∗λ0, considered as an element
in Hom(A,At) ⊗ Z(p). We have an isomorphism η := ϕ−1φ : (T (p)(A0), 〈 , 〉λ0

) '
(T (p)(A), ζ〈 , 〉λ). This shows that λ is a principal polarization. Then we get an
object (A, λ, [η]p) and this is sent to the class [φ] by the construction.

We check the compatibility with the Galois action. Let φ ∈ G(Apf ) and A =

(A, λ, [η]p) ∈ Λ
(p)
g,N be the element such that cpN (A) = [φ]. Then there exist an

element ϕ ∈ GIsog
(p)

Fp
(A,A0) and an element η ∈ [η]p such that φ = ϕ◦η. Applying

any element σ in G, we get

σ(φ) ∈ GIsog
(p)

Fp
(σA,A0), σ(η) ∈ GIsom(V (p)(A0), V (p)(σA)),

and σ(φ) = σ(ϕ) ◦ σ(η). This yields cpN (σA) = [σ(φ)].

Lemma 6.5. Every member (A, λ, ηN ) ∈ Λ∗g,N has a unique model (A′, λ′, η′N ), up

to isomorphism, over Fp2 such that there exists a prime-to-p quasi-isogeny ϕ : A′ →
A0 ⊗ Fp2 such that ϕ∗λ0 ∈ Z×(p),+ · λ

′.

Proof. By Proposition 5.1, (A, λ) has a unique model (A′, λ′) over Fp2 with the
property. Since the Frobenius endomorphism πA′ of A′ over Fp2 is −p, the pull-back
level structure η′N is defined over Fp2 .

As Definition 5.2, we call the unique model over Fp2 in Lemma 6.5 the canon-
ical model over Fp2 . By Lemma 6.5, we may identify the set Λ∗g,N with the set of
Fp2-isomorphism classes of superspecial g-dimensional principally polarized abelian
varieties A = (A, λ, ηN ) over Fp2 with level-N structure with respect to A0 such
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that the set GIsog
(p)
Fp2

(A,A0) is non-empty.

For any prime-to-p positive integers N |M , we have a natural projection Λ∗g,M →
Λ∗g,N . Let

Λ̃∗g := (Λ∗g,N )p-N

be the tower of all superspecial loci with prime-to-p level structures. Elements

of Λ̃∗g can be represented as (A, λ, η̃), where (A, λ) is an element in Λg and η̃ ∈
GIsom(T (p)(A0), T (p)(A)) is a trivialization. It follows from Theorem 6.4 that the

tower Λ̃∗g admits a right action of G(Apf ) and we have a natural isomorphism

(6.4) dp : G(Q)\G(Af )/G(Zp) ' Λ̃∗g

of pointed profinite sets which is compatible with the actions of Gal(Fp2/Fp) from
the left, and of G(Apf ) from the right.

6.3. The Hecke operator R(π0) and type number. We define the operator
R(π0) and the type number with level structure, which are almost identical with
those in Section 1.

Let M0(UN ) the vector space of functions f : G(Af ) → C satisfying f(axu) =
f(x) for all a ∈ G(Q) and u ∈ UN . Let H(G,UN ) be the Hecke algebra of bi-UN -
invariant functions, which acts on the space M0(UN ) in the same way as (1.5) but
the Haar measure takes volume one on UN . Let R(π0) be the operator correspond-
ing to the double coset UN (π0) := UNπ0 = π0UN .

Let TN be the double coset space

TN := G(Q)\G(Af )/NN ,

where NN is the (open) subgroup of G(Af ) consisting of elements x such that

(1) Int(x)(End(A0 ⊗ Fp)⊗ Ẑ) = End(A0 ⊗ Fp)⊗ Ẑ, and
(2) the induced map

Int(x) : End(A0 ⊗ Fp)⊗ (Z/NZ)→ End(A0 ⊗ Fp)⊗ (Z/NZ)

is the identity map.

It is not hard to show (see Lemma 5.6) that

(6.5) NN = D(Qp)G(Zp)× Z(Apf )UpN .

We call TN the set of G-types with level UN and the cardinality TN of TN the type
number of the group G with level group UN . Let Λ∗g,N (Fp) ⊂ Λ∗g,N be the subset
of the fixed points by σp.

Theorem 6.6.

(1) Every member (A, λ, ηN ) ∈ Λ∗g,N (Fp) has a model (A′, λ′, η′N ) defined over

Fp. Moreover, if N ≥ 3, then the model (A′, λ′, η′N ) is unique up to iso-
morphism over Fp and the base change (A′, λ′, η′N )⊗Fp Fp2 is the canonical
model over Fp2 of (A, λ, ηN ).

(2) A member (A, λ, ηN ) ∈ Λ∗g,N lies in Λ∗g,N (Fp) if and only if G(Q)∩xUN (π0)x−1 6=
∅, where [x] ∈ G(Q)\G(Af )/UN is the class corresponding to (A, λ, ηN ).

(3) We have trR(π0) = |Λ∗g,N (Fp)|.
(4) The natural map pr : Λ∗g,N → TN induces a bijection between the set of

Gal(Fp2/Fp)-orbits of Λ∗g,N with the set TN .
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(5) We have

trR(π0) = 2TN −HN ,

where HN := |Λ∗g,N | is the class number of G with level group UN .

Proof. (1) We may assume that N ≥ 2 as the case N = 1 is treated in Section 5.
By Lemma 6.5, we may assume that (A, λ, ηN ) is the canonical model over Fp2 in its
isomorphism class. Then its conjugation (σpA,σpλ,σpηN ) is also a canonical model
over Fp2 in its isomorphism class. By assumption, there exists an isomorphism
aσp : (A, λ, ηN ) ' (σpA,σpλ,σpηN ) over Fp2 , as they are canonical models over Fp2
in the same isomorphism class. Then σp(aσp)aσp is an automorphism of (A, λ, η)
and is equal to ±1 (= 1 if N ≥ 3). Using the same argument as in Lemma 5.4,
we define recursively aσip := σp(aσi−1

p
)aσp and show that the map σ 7→ aσ satisfies

the 1-cocycle condition for the field extension Fp4/Fp (for Fp2/Fp if N ≥ 3). Then
by Weil’s theorem, there exist a model (A′, λ′, η′N ) over Fp and an isomorphism
b : (A′, λ′, η′N ) ' (A′, λ′, η′N ) over Fp4 (over Fp2 ifN ≥ 3) such that aσp = σp(b)◦b−1.
WhenN ≥ 3, we have shown that this model is compatible with the canonical model
over Fp2 . The uniqueness follows from a theorem of Serre (cf. [23, Lemma p. 207])
that the automorphism group Aut(A, λ, ηN ) is trivial.

The proofs for the statements (2), (3), (4) and (5) are the same as before.

Remark 6.7.

(1) Similar to Remark 5.10, we discuss a bit about models over Fp. Let
Λ∗,nc
g,N (Fp) ⊂ Λ∗g,N (Fp) denote the subset consisting of isomorphism classes

for which a model A′ over Fp can be chosen so that A′⊗Fp2 is the canonical
model over Fp2 . We have Λ∗,nc

g,N (Fp) ⊂ Λ∗g,N (Fp) and Λ∗,nc
g,N (Fp) = Λ∗g,N (Fp)

if N ≥ 3. We do not know whether this equality holds when N ≤ 2.
(2) For N ≥ 3, we have the following explicit formula (cf. Section 1)

(6.6) HN = |GSp2g(Z/NZ)| (−1)g(g+1)/2

2g

{
g∏
k=1

ζ(1− 2k)

}
·
g∏
k=1

{
(pk + (−1)k

}
.

6.4. Proof of Proposition 1.5. Let (Z2g, ψ) be the standard symplectic Z-
module of rank 2g, and let GSp2g be the group of symplectic similitudes defined
over Z. Let Ag,1,N denote the moduli space over Fp of g-dimensional principally
polarized abelian varieties (A, λ, α) with a (full) symplectic level-N structure. Re-
call that a full symplectic level-N structure on a g-dimensional principally po-
larized abelian scheme (A, λ) over a connected Fp-scheme S is an isomorphism
α : (Z/NZ)2g ' A[N ](S) such that there is an element ζ ∈ µN (S) such that

(6.7) eλ(α(x), α(y)) = ζψ(x, y), ∀x, y ∈ (Z/NZ)2g.

We denote by Λg,1,N ⊂ Ag,1,N ⊗ Fp the superspecial locus. Put

(6.8) Hp
f := GIsom(((Apf )2g, ψ), V (p)(A0)).

The set Hp
f is a (G(Apf ),GSp2g(A

p
f ))-bi-torsor together with an action of the Galois

group G = Gal(Fp/Fp) from the left. The action of G on T (p)(A0) gives rise to a
Galois representation

ρ : G → G(Ẑ(p)).
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Using Lemma 3.3 (3), the action of G on Hp
f is given as follows:

(6.9) σ · f = ρ(σ) ◦ f, ∀σ ∈ G, f ∈ Hp
f .

Let Ã(p)
g := (Ag,1,N )p-N and Λ̃g = (Λg,1,N )p-N be as in Section 1. Elements in Λ̃g

can be represented as (A, λ, α̃), where (A, λ) ∈ Λg and α̃ ∈ GIsom(((Ẑ(p))2g, ψ), T (p)(A)).

Let (A, λ, α̃) ∈ Λ̃g be an object. We can choose a quasi-isogeny ϕ ∈ GIsog
(p)

Fp
(A,A0).

The composition ϕ ◦ α̃

(Apf )2g α̃−−−−→ V (p)(A)
ϕ−−−−→ V (p)(A0)

defines a well-defined map

bp : Λ̃g → G(Z(p))\Hp
f , (A, λ, α̃) 7→ ϕ ◦ α̃

which is compatible with the GSp2g(A
p
f )-action. Using the same argument in the

proof of Theorem 6.4, one shows that the map bp is bijective and G-equivariant.
If we fix a trivialization

α̃0 ∈ GIsom(((Ẑ(p))2g, ψ), T (p)(A0)),

then we get

• a Galois representation

ρ0 : G → GSp2g(Ẑ(p))

such that the following diagram

(6.10)

(Ẑ(p))2g α̃0−−−−→ T (p)(A0)yρ0(σ)

yρ(σ)

(Ẑ(p))2g α̃0−−−−→ T (p)(A0),

commutes,
• an isomorphism

(6.11) j0 : GSp2g(A
p
f ) −→ Hp

f , φ′ 7→ α̃0 ◦ φ′,

and
• an isomorphism

(6.12) i0 : G(Apf ) −→ GSp2g(A
p
f ), φ 7→ α̃−1

0 ◦ φ ◦ α̃0.

Let G act on GSp2g(A
p
f ) by the action ρ0. One checks that

σ · j0(φ′) = σ · α̃0 ◦ φ′ = ρ(σ) ◦ α̃0 ◦ φ′ = α̃0 ◦ ρ0(σ)φ′.

That is, the following diagram

GSp2g(A
p
f )

j0−−−−→ Hp
fyσ yσ

GSp2g(A
p
f )

j0−−−−→ Hp
f

commutes. Therefore, we obtain an isomorphism (depending on the choice of α̃0)

(6.13) bp0 : Λ̃g ' i0(G(Z(p)))\GSp2g(A
p
f )
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which is compatible with the GSp2g(A
p
f )-action and the G-action by ρ0. This com-

pletes the proof of Proposition 1.5.

7. The non-principal genus case

In previous sections we investigate arithmetic properties of principally polarized
superspecial abelian varieties, as well as the relationship to the trace of certain
Hecke operator on the space of automorphic forms of weight zero. These abelian
varieties correspond to the principal genus of the group G. Since the non-principal
genus case is of equal importance (see Section 7.1), we include the analogous results
for these superspecial abelian varieties as well. The proofs of most results are the
same as the principal genus case and are omitted.

7.1. The class numbers Hn(p, 1) and Hn(1, p). We start with the arithmetic
aspect of polarized superspecial abelian varieties which are related to components of
the supersingular locus of Ag⊗Fp, the coarse moduli space over Fp of g-dimensional
principally polarized abelian varieties. Our references are Ibukiyama-Katsura-Oort
[13, Section 2] and Li-Oort [21, Section 4].

Let B be the quaternion algebra over Q ramified exactly at {p,∞}, and let O
be a maximal order of B. Put V = B⊕n, regarded as a left B-module of row
vectors, and let ψ(x, y) =

∑n
i=1 xiȳi be the standard Hermitian form on V , where

the map yi 7→ ȳi is the canonical involution on B. Let G be the algebraic group of
ψ-similitudes over Q; the group of Q-points of G is

G(Q) := {h ∈Mn(B) |hh̄t = rIn for some r ∈ Q× }.
(Note that the group G here is isomorphic to the generic fiber GQ of the group
scheme G over SpecZ defined in Introduction when n = g. Thus, we use the same
notation.)

TwoO-lattices L and L′ inB⊕n are called globally equivalent (denoted by L ∼ L′)
if L′ = Lh for some element h ∈ G(Q). For any finite place v of Q, we write
Bv := B ⊗ Qv, Ov := O ⊗ Zv and Lv := L ⊗ Zv. Two O-lattices L and L′ in
B⊕n are called locally equivalent at v (denoted by Lv ∼ L′v) if L′v = Lvhv for some
element hv ∈ G(Qv). A genus of O-lattices is a maximal set of (global) O-lattices
in B⊕n which are equivalent to each other locally at every finite place v.

We define an Op-lattice Np ⊂ B⊕np as follows:

Np := O⊕np ·
(
Ir 0
0 πIn−r

)
· ξ ⊂ B⊕np ,

where r is the integer [n/2], π is a uniformizer in Op, and ξ is an element in GLn(Bp)
such that

ξξ̄t = anti-diag(1, 1, . . . , 1).

Definition 7.1.
(1) Let Ln(p, 1) denote the set of O-lattices L in B⊕n such that Lv ∼ O⊕nv at

every finite place v. The set Ln(p, 1) is called the principal genus. Let Ln(p, 1)/∼
denote the set of global equivalence classes in Ln(p, 1). As a well-known fact,
Ln(p, 1)/∼ is a finite set. The cardinality Hn(p, 1) := #Ln(p, 1)/∼ is called the
class number of the principal genus.

(2) Let Ln(1, p) denote the set of O-lattices L in B⊕n such that Lp ∼ Np and
Lv ∼ O⊕nv at every finite place v 6= p. The set Ln(1, p) is called the non-principal
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genus. Let Ln(1, p)/ ∼ denote the set of global equivalence classes in Ln(1, p).
Similarly, Ln(1, p)/∼ is a finite set, and its cardinality, called the class number of
the non-principal genus, is denoted by Hn(1, p).

Recall that Λg is the set of isomorphism classes of g-dimensional principally

polarized superspecial abelian varieties over Fp. When g = 2d > 0 is even, we
denote by Σg the set of isomorphism classes of g-dimensional polarized superspecial

abelian varieties (A, λ) of degree deg λ = p2d over Fp satisfying kerλ = A[F ]. Here

F is the relative Frobenius morphism A→ A(p) over Fp.
Let Sg denote the supersingular locus of the Siegel moduli space Ag ⊗ Fp; it is

a closed reduced subscheme of finite type over Fp. Let Π0(Sg) denote the set of
irreducible components of Sg.

Theorem 7.2 (Li-Oort [21]). We have

Π0(Sg) '

{
Λg if g is odd;

Σg if g = 2d is even.

The arithmetic aspect for the supersingular locus Sg is given by the following
proposition.

Proposition 7.3.
(1) For any positive integer g, one has |Λg| = Hg(p, 1).
(2) For any even positive integer g = 2d, one has |Σg| = Hg(1, p).

Proof. (1) See [13, Theorem 2.10]. (2) See [21, Proposition 4.7].

7.2. In the remainder of this section, let g = 2d be an even positive integer.
Suppose that there exists a g-dimensional superspecial polarized abelian variety
A′0 = (A′0, λ

′
0) over Fp such that the polarization degree is p2d,

(7.1) kerλ′0 = A′0[F ], and (π′0)2 = −p,

where π′0 is the Frobenius endomorphism of A′0. The existence of such an object

may depend on p and g; for example it exists if
(
−1
p

)
= 1 or 4|g; see [41, Lemmas 3.1

and 3.2]. Nevertheless we fix one when it exists. Let G′1 ⊂ G′ be the automorphism
group schemes over SpecZ associated to the object (A′0, λ

′
0), defined similarly as in

Section 4.1. Let N be a positive prime-to-p integer, and let U ′N be the kernel of

the reduction map G′(Ẑ) → G′(Z/NZ). The generic fiber G′Q of G′ is isomorphic
to GQ, so we can also consider U ′N as an open compact subgroup of G(Af ).

Denote by Σ∗g,N the set of isomorphism classes of objects (A, λ, ηN ) over Fp,
where (A, λ) is an object in Σg and ηN is a level-N structure on (A, λ) with respect
to A′0 (defined in the same way as in Section 6.1).

The Galois group G = Gal(Fp/Fp) acts naturally on the topological group G′(Af )
and this action is given by (cf. Theorem 1.1 )

(7.2) σp(x`)` = (π′0x`π
′
0
−1

)`, (x`)` ∈ G′(Af ).

Theorem 7.4. There is a natural G-equivariant bijective map

c′N : Σ∗g,N → G′(Q)\G′(Af )/U ′N

for which the base point (A′0, λ
′
0, id) is sent to the identity class [1].
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Proof. This is the analogue of Theorem 6.4. The proof is the same and is
omitted.

Lemma 7.5. Every member (A, λ, ηN ) ∈ Σ∗g,N has a unique model (A′, λ′, η′N ), up

to isomorphism, over Fp2 such that there exists a prime-to-p quasi-isogeny ϕ : A′ →
A′0 ⊗ Fp2 such that ϕ∗λ′0 ∈ Z×(p),+ · λ

′.

Proof. This is the analogue of Lemma 6.5. The proof is the same and is omitted.

Let Σ̃∗g := (Σ∗g,N )p-N the tower of the superspecial loci Σ∗g,N ; it admits a right

action of G′(Apf ). By Theorem 7.4, one has a natural isomorphism

(7.3) d′
p

: G′(Q)\G′(Af )/G′(Zp) ' Σ̃∗g

of pointed profinite sets which is compatible with the actions of Gal(Fp2/Fp) and
of G′(Apf ).

As in Section 6.3, et R(π′0) be the operator corresponding to the double coset
U ′N (π′0) := U ′Nπ

′
0 = π′0U

′
N on the space M0(U ′N ) of automorphic forms of level U ′N .

Let T ′N be the set of G′-types with level U ′N , and call T ′N := |T ′N | the type number
of the group G′ with level group U ′N . Let Σ∗g,N (Fp) ⊂ Σ∗g,N be the subset of fixed
points of the Frobenius map σp.

Theorem 7.6.

(1) Every member (A, λ, ηN ) ∈ Σ∗g,N (Fp) has a model (A′, λ′, η′N ) defined over

Fp. Moreover, if N ≥ 3, then the model (A′, λ′, η′N ) is unique up to iso-
morphism over Fp and the base change (A′, λ′, η′N )⊗Fp Fp2 is the canonical
model over Fp2 of (A, λ, ηN ).

(2) A member (A, λ, ηN ) ∈ Σ∗g,N lies in Σ∗g,N (Fp) if and only if G′(Q) ∩
xU ′N (π′0)x−1 6= ∅, where [x] ∈ G′(Q)\G′(Af )/U ′N is the class corresponding
to (A, λ, ηN ).

(3) We have trR(π′0) = |Σ∗g,N (Fp)|.
(4) The natural map pr : Σ∗g,N → T ′N induces a bijection between the set of

Gal(Fp2/Fp)-orbits of Σ∗g,N with the set T ′N .

(5) We have

(7.4) trR(π′0) = 2T ′N −H ′N ,

where H ′N = |Σ∗g,N | is the class number of G′ with level group U ′N .

Proof. This is the analogue of Theorem 6.6. The proof is the same and is
omitted.

For N ≥ 3, we have the following explicit formula (see [38, Theorem 6.6]; note
that in [38] one fixes a choice of a primitive Nth root of unity ζN .)

(7.5) H ′N = |GSp2g(Z/NZ)| (−1)g(g+1)/2

2g

{
g∏
k=1

ζ(1− 2k)

}
·
d∏
k=1

(p4k−2 − 1).

Remark 7.7. Our results in this section rely on the existence of a base point (A′0, λ
′
0)

with property (7.1). We do not know whether such a base point always exists.
However, for Theorem 7.4 and Lemma 7.5, we only need the existence of a base
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point (A′0, λ
′
0) which is defined over Fp, i.e. Σg(Fp) 6= ∅. For Theorem 7.6, we only

require in addition that its Frobenius endomorphism π′0 is square central in G′(Q).

8. Trace formula for groups of compact type

The goal of this section is to calculate the trace of the Hecke operator R(π0)
(or R(π′0)) for the groups G (or G′) arising from the previous sections using the
Selberg trace formula. Since one has explicit formulas for the class numbers HN

and H ′N (see (6.6) and (7.5)), Theorems 6.6 and 7.6 would provide information for
the type numbers TN and T ′N . For other possible applications, we work on slightly
more general groups and study the trace of specific Hecke operators. The majority
of this section (up to Subsection 8.5) is independent from the previous sections;
some notations are different.

8.1. Hecke operators R(π). Let G be a connected reductive group over Q such
that G(Q) is a discrete subgroup of G(Af ). We know that G(Q) is discrete in
G(Af ) if and only the quotient space G(Q)\G(Af ) is compact; see [8, Proposition
1.4] for more equivalent conditions.

We fix a Z-structure on G. For simplicity, we assume that this Z-structure is
induced by a rational faithful representation ρ : G → GLm of G. For any positive
integer N , one defines an open compact subgroup UN as the kernel of the reduction
map

RedN : G(Ẑ)→ G(Z/NZ) ⊂ GLm(Z/NZ).

Denote by L2(G) = L2,∞(G(Q)\G(Af )) the vector space of locally constant
C-valued functions on G(Q)\G(Af ), endowed with an inner product defined by

〈f, g〉 :=

∫
G(Q)\G(Af )

f(x)g(x)dx,

for a Haar measure dx on G(Af ) which we shall specify later. This is a pre-Hilbert
space as the limit of locally constant functions need not to be locally constant.
For example, the limit of the sequence of characteristic functions 1G(Q)Un for a
decreasing separated sequence of open compact subgroups Un is the delta function
δ[1] supported on the identity class [1].

The group G(Af ) acts on the space L2(G) by right translation, denoted by R.
Since the topological space G(Q)\G(Af ) is compact, every function f in L2(G) is
invariant under an open subgroup U ⊂ G(Af ), that is, f is a smooth vector. Also
for any open compact subgroup U , the invariant subspace

L2(G)U = L2,∞(G(Q)\G(Af )/U) = C(G(Q)\G(Af )/U)

consisting of constant functions on the finite setG(Q)\G(Af )/U is finite-dimensional.
In other words, the representation L2(G) of G(Af ) is admissible. Denote by H(G)
the Hecke algebra of C-valued, locally constant, compactly supported functions on
G(Af ); the multiplication is given by the convolution. The Hecke algebra H(G)
acts on the space L2(G) as follows: For ϕ ∈ H(G), f ∈ L2(G),

R(ϕ)f(x) :=

∫
G(Af )

ϕ(y)R(y)f(x)dx =

∫
G(Af )

ϕ(y)f(xy)dx.

Fix an element π of G(Q) which normalizes UN for all N . For example, if π

normalizes Upm for all powers of a prime p and π ∈ G(Ẑ(p)), then π satisfies this
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property. Let ϕπ,N be the characteristic function of the double coset UNπUN =
πUN = UNπ and we write RN (π) = R(ϕπ,N ), where N is a positive integer. The
goal is to calculate the trace of the Hecke operator RN (π). Here we normalize the
Haar measure so that it takes volume one on the open compact subgroup UN . The
meaning of the trace trRN (π) can be interpreted as the number of fixed points in the
double coset space G(Q)\G(Af )/UN under the translation [x] 7→ [xπ]. Note that
the translation is well-defined as π normalizes UN . Indeed, the image of RN (π) is
contained in the UN -invariant subspace C(G(Q)\G(Af )/UN ). So trRN (π) is equal
to the trace of its restriction

RN (π) : C(G(Q)\G(Af )/UN )→ C(G(Q)\G(Af )/UN ).

This map is induced by the translation [x] 7→ [xπ] and hence its trace is equal to
the number of fixed points.

To simplify notation we shall write ϕπ for ϕπ,N and R(π) for RN (π), respectively,
keeping in mind that these also depend on N .

8.2. Trace of R(π). The standard argument in the theory of trace formulas (cf.
[6]) shows that the operator R(π) is of trace class and its trace can be calculated
by the following integral

trR(π) =

∫
G(Q)\G(Af )

Kπ(x, x)dx,

where
Kπ(x, y) :=

∑
γ∈G(Q)

ϕπ(x−1γy).

Note that when x and y vary in a fixed open compact subset, there are only finitely
many non-zero terms in the sum of Kπ(x, y). Regrouping the terms in the standard
way (cf. [6]), we get

(8.1) trR(π) =
∑

γ∈G(Q)/∼

a(Gγ)Oγ(ϕπ),

where

• G(Q)/∼ denotes the set of conjugacy classes of G(Q),
• Gγ denotes the centralizer of γ in G, and
• a(Gγ) := vol(Gγ(Q)\Gγ(Af )), and

(8.2) Oγ(ϕπ) :=

∫
Gγ(Af )\G(Af )

ϕπ(x−1γx)
dx

dxγ
,

where dxγ is a Haar measure on Gγ(Af ).

Note that the whole term a(Gγ)Oγ(ϕπ) does not depend on the choice of the Haar
measure dxγ . As the closed subgroup Gγ(Af ) is unimodular, the right G(Af )-
invariant Radon measure dx/dxr is defined and it is characterized by the following
property:

(8.3)

∫
G(Af )

fdx =

∫
Gγ(Af )\G(Af )

∫
Gγ(Af )

f(xγx)dxγ
dx

dxγ

for all functions f ∈ C∞o (G(Af )). Using this formula, one easily shows that

(8.4) voldx/dxγ (Gγ(Af )\Gγ(Af )U) =
voldx(U)

voldxγ (Gγ(Af ) ∩ U)
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for any open compact subgroup U ⊂ G(Af ), or more generally,

(8.5) voldx/dxγ (Gγ(Af )\Gγ(Af )aU) =
voldx(U)

voldxγ (Gγ(Af ) ∩ aUa−1)

for any element a ∈ G(Af ); see Kottwitz [19, Section 2.4]. In our situation, any
element γ ∈ G(Q) is semi-simple. Therefore, any G(Af )-conjugacy class is closed
and the orbital integral Oγ(ϕπ) is a finite sum.

For elements x and γ in G(Q) (resp. in G(Qv) or in G(Af )), we write x · γ =
x−1γx, the conjugation of γ by x. Put

(8.6) ∆N := {γ ∈ G(Q) |G(Af ) · γ ∩ πUN 6= ∅ }/ ∼G(Q) .

We show that ∆N is a finite set.
Let C ⊂ G(Af ) be an open compact subset such that G(Af ) = G(Q)C. For

example, if we write G(Af ) as a finite disjoint union of double coset:

G(Af ) :=

h∐
i=1

G(Q)ciU1,

then take C to be the union of ciU1 for i = 1, . . . , h. Put

XN :=
⋃
c∈C

c−1 · πUN .

Since XN is an image of the compact set C×πUN , it is compact. If γ is an element
of G(Q) which lies in G(Af ) · πUN , then there exists an element a ∈ G(Q) such
that a · γ ∈ XN . The element a · γ lies in the intersection G(Q) ∩XN , which is a
finite set. Since ∆N consists of elements γ as above modulo the G(Q)-conjugation,
the set ∆N is finite.

For each class γ̄ ∈ ∆N , we select a representative γ in XN ∩ G(Q) and choose
the Haar measure dxγ so that

(8.7) vol(Uγ,N ) = 1, where Uγ,N := Gγ(Af ) ∩ UN .

Put

Eγ := {x ∈ G(Af ) |x−1γx ∈ πUN},
which is the support of the function φγ(x) := ϕπ(x−1γx). It is clear that Eγ
is stable under the left Gγ(Af )-action and the right UN -action. By our choice of
Haar measures on G(Af ) and Gγ(Af ), the orbital integral Oγ(ϕπ) can be calculated
using the formula (see (8.5))

Oγ(ϕπ) =
∑

[a]∈Gγ(Af )\Eγ/UN

vol(Gγ(Af ) ∩ aUa−1)−1.

We have shown the following result.

Proposition 8.1. Let ∆N ⊂ G(Q)/∼ be the subset of G(Q)-conjugacy classes
defined in (8.6).

(1) The set ∆N is finite.
(2) We have

(8.8) trR(π) =
∑
γ̄∈∆N

a(Gγ)Oγ(ϕπ)
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and

(8.9) Oγ(ϕπ) =
∑

[a]∈Gγ(Af )\Eγ/UN

vol(Gγ(Af ) ∩ aUa−1)−1.

8.3. Trace of R(π) with UN small. Put

∆f (π) := {γ ∈ G(Q) |γ ∈ G(Af ) · π}/ ∼G(Q) .

Clearly we have ∆f (π) ⊂ ∆N .

Lemma 8.2. There exists a positive integer N0 such that for all positive integers
N divisible by N0, we have ∆N = ∆f (π).

Proof. Since G(Q)∩XN is finite, there is a positive integer N0 such that G(Q)∩
XN remains the same for all N with N0|N . Let γ be an element in G(Q) ∩ XN .
Then for all n with N0|n, we have γ = cnπunc

−1
n for some cn ∈ C and un ∈ Un.

Since C is compact, there is a subsequence {cmi} of {cn} which converges to an
element c0 ∈ C. As i→∞, we get γ = c0πc

−1
0 . This shows the lemma.

Suppose an element γ ∈ G(Q) has the form y−1πy for some y ∈ G(Af ). We
show that the term a(Gγ)Oγ(ϕπ) in (8.8) is equal to a(Gπ)Oπ(ϕπ). First, it is easy
to show that an element x ∈ G(Q) lies in Gγ(Q) if and only if yxy−1 ∈ Gπ(Q); thus
yGγ(Q)y−1 = Gπ(Q). Let t = yx. The map x 7→ t induces an homeomorphism

Gγ(Q)\G(Af ) ' Gπ(Q)\G(Af ).

We have

a(Gγ)Oγ(ϕπ) =

∫
Gγ(Q)\G(Af )

ϕπ(x−1y−1πyx)dx

=

∫
Gπ(Q)\G(Af )

ϕπ(t−1πt)dt = a(Gπ)Oπ(ϕπ).

(8.10)

Lemma 8.2 and the equality (8.10) show that when UN is small, the trace of the
Hecke operator R(π) can be simplified significantly.

Proposition 8.3. There exists a positive integer N0 such that for all positive in-
tegers N divisible by N0, we have

(8.11) trR(π) = |∆f (π)| a(Gπ)Oπ(ϕπ)

Remark 8.4. Using either the results of G. Prasad [25] on the volumes of funda-
mental domains or the results of Shimura [30] on the exact mass formulas, one can
determine the term a(Gπ) explicitly. The orbital integral Oπ(ϕπ) is purely local in
nature, that is, it is expressed as the product of the local orbital integrals Oπ(ϕπ,v).
There is also a similar local description as in (8.9). Using this description, it is not
hard to show that the local integral integral Oπ(ϕπ,v) is equal to 1 for almost all
finite places. We were wondering whether after shrinking the level subgroups UN
at these bad places, each local orbital integral in bad places becomes 1 or becomes
an easily computable term. Nevertheless, we continue to study the global term
|∆f (π)|.
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8.4. A cohomological meaning for ∆f (π). Put

∆(π) := {γ ∈ G(Q) |γ ∈ G(A) · π}/ ∼G(Q) .

Lemma 8.5. Let G be a connected reductive group over R such that the derived
subgroup Gder is anisotropic. Then for any two elements x and y in G(R), x and
y are G(R)-conjugate if and only if they are G(C)-conjugate.

Proof. We first show the case where G(R) is compact. Choose an anisotropic
maximal torus T . Then any element can be G(R)-conjugate to an element in T (R).
Any two elements in T (R) are conjugate if and only if they are in the same WT -
orbit, where WT is the Weyl group of G relative to T . Two elements in T (R)
are G(C)-conjugate if and only if they are in the same WTC -orbit, where WTC is
the Weyl group of GC relative to TC. From our compactness assumption of G(R),
one has WT ' WTC . The statement then follows from the injectivity of the map
T (R)/WT ↪→ T (C)/WTC .

We reduce to the above special case. Let Z be the connected center of G.
Let S ⊂ Z (resp. T ⊂ Z) be the maximal split (resp. anisotropic) torus of Z.
Put M := Gder · T · S[2], where S[2] is the 2-torsion subgroup of S. One has
G = SM = SM0 and the subgroup M(R) meets every component of G(R). We
also have G(R) = M(R) × S(R)0; write x = (xM , xS) into the M -component and
S-component of x. Then two elements x and y are G(C)-conjugate if and only if
xS = yS , and xM and yM are M(C)-conjugate. The condition that xM and yM are
M(C)-conjugate implies that they are in the same connected component of M(R).
Multiplying them by a suitable element in S[2], we may assume that xM and yM
are in the connected component M0(R). Since M0 is connected and anisotropic,
we are done.

Lemma 8.6. We have ∆f (π) = ∆(π).

Proof. We have the inclusion ∆(π) ⊂ ∆f (π), and need to show that if γG(Q) ∩
G(Af ) · π, then γG(Q) ∩G(A) · π, that is, γ and π are G(R)-conjugate. Since the
set of G(K̄)-conjugacy classes is independent of the algebraically closed field K̄ of
characteristic zero, one immediately sees that γ and π are G(C)-conjugate, and the
lemma follows from Lemma 8.5.

Lemma 8.7. There is a natural bijection

(8.12) ∆(π) ' ker
[
ker1(Q, Gπ)→ H1(Q, G)

]
,

where ker1(Q, Gπ) is the kernel of the local-global map

H1(Q, Gπ)→
∏
v

H1(Qv, Gπ)

of pointed sets.

Proof. This is a special case of a well-known ingredient in the stabilization of
the trace formula; see [17, (9.6.2)]. The proof is elementary and omitted.
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8.5. Application to the superspecial locus. Let G, π0 ∈ G(Q), UN and
RN (π0) = R(π0) be those in Section 6, also see Theorem 6.6. In this subsection, we
apply results of previous subsections for computing the trace trR(π0). Note that
this computes the number of Fp-rational points of Λ∗g,N (see Theorem 6.6 (3) and

Remark 8.10). The centralizer Gπ0
is isomorphic to the group of unitary similitudes

of a Hermitian space V over the imaginary quadratic field Q(π0) = Q(
√
−p). This

group Gπ0 satisfies the Hasse principle; see a proof below.

Lemma 8.8. Let E be an imaginary quadratic field and G = GU(V, ψ) be the group
of unitary similitudes of a Hermitian space V over E. Then G satisfies the Hasse
principle.

Proof. This is certainly known to the experts. We indicate how this follows from
a result of Kottwitz. Consider the short exact sequence

1 −−−−→ Gder
i−−−−→ G

det−−−−→ D = E× −−−−→ 1.

By Shapiro’s lemma and Hilbert’s theorem 90, one has H1(Q, D) = 1 and the torus
D satisfies the Hasse principle. By [18, p. 393], one has ker1(Q, G) = ker1(Q, D).
Therefore, G also satisfies the Hasse principle.

It follows from Lemmas 8.6, 8.7 and 8.8 that |∆f (π0)| = |∆(π0)| = 1. By
Proposition 8.3, we have proven the following result.

Theorem 8.9. Let G, π0 ∈ G(Q), UN and RN (π0) be as in Section 6. There exists
a positive integer N0 such that for all positive integers N divisible by N0, we have
(see (8.1))

(8.13) trRN (π0) = a(Gπ0)Oπ0(ϕπ0,N ),

where the Haar measure on Gπ0
(Af ) is defined by (8.7).

Remark 8.10. (1) Theorem 8.9 is not very useful in practice yet as we do not have
good control for N0. For example, we do not know whether N0 can be prime-to-p.
Note that we defined the cover Λ∗g,N by modular interpretation only for prime-

to-p level. When p |N , we still can define Λ∗g,N as a finite étale Fp-scheme: let

Λ∗g,N := G(Q)\G(Af )/UN with Galois action given by

σp · (x`)` = (π0x`π
−1
0 )`, (x`)` ∈ G(Af ).

This agrees with Λ∗g,N in Section 6 when p - N and one also has trRN (π0) =

|Λ∗g,N (Fp)|, except that the geometric meaning for the set Λ∗g,N (Fp) of Fp-rational
points is less clear.

We report some progress since the present paper was submitted in 2012. In
[11] Ibukiyama generalized his results with Katsura (Theorems 1.1 and 1.2) to
the non-principal genus case (cf. Theorem 7.6 (2) (3) (5) for N = 1 without any
assumption). Ibukiyama’s proof is more arithmetic, which treats the geometric
problems by quaternion Hermitian forms. As an application, he describes the num-
ber of components of the supersingular locus that are defined over Fp for all g
by the work of Li and Oort. He also proves an explicit formula for |Σ2(Fp)| and
Σ2(Fp) 6= ∅ as a consequence (see [10]). In [41] the author constructs directly a
polarized abelian surface (A0, λ0) over Fp in Σ2(Fp) with Frobenius endomorphism
π2

0 = p (not π2
0 = −p). Taking the self-product of this point, we get a base point
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(A′′0 , λ
′′
0) over Fp with Frobenius π′′0 square central in G(Q). As a result, Theo-

rem 7.6 holds true (cf. Remark 7.7) without any assumption, except with different
covers Σ∗g,N due to the choice of the new base point. It is also not difficult to check
that Gπ′′0 satisfies the Hasse principle. Therefore, we have analogue of Theorem 8.9
for the non-principal genus case.
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