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THE GRADIENT FLOW OF THE MOBIUS ENERGY:
e-REGULARITY AND CONSEQUENCES

SIMON BLATT

ABSTRACT. In this article we study the gradient flow of the Mdbius energy in-
troduced by O’Hara in 1991 [O’H91]. We will show a fundamental e-regularity
result that allows us to bound the infinity norm of all derivatives for some time
if the energy is small on a certain scale. This result enables us to characterize
the formation of a singularity in terms of concentrations of energy and allows
us to construct a blow-up profile at a possible singularity. This solves one of
the open problems listed by Zheng-Xu He in [He00].

Ruling out blow-ups for planar curves, we will prove that the flow trans-
forms every planar curve into a round circle.

1. INTRODUCTION

In their seminal paper [FHW94|, Freedman, He, and Wang suggested the study
of the negative gradient flow of the M6bius energy introduced by O’Hara in [O’H91].
For a closed curve v € C%Y(R/IZ,R™), | > 0, this energy is given by
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where d(z,y) denotes the distance of the two points vy(z),v(y) along 7. Among
many other things, Freedman, He, and Wang could show that curves of finite energy
are tame and that the Mobius energy can be minimized within every prime knot
class [FHW94]. Abrams et al. proved that the circle minimizes the energy among
all closed curves [ACFT03]. It is an open problem whether these energies can be
minimized within composite knot classes or not.

The evolution equation is governed by the law

(1.2) Oy = =My

where
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and Pv%w =w — <w, ﬁ;—|> % denotes the orthogonal projection onto the normal

€

part along the curve v [FHW94, Lemma 6.1]. Here, p.v [2, denotes Cauchy’s
2

principal value, i.e. is an abbreviation for lim. o flz where [; . = [—%, %] \ (—¢,e).

If ~ is parameterized by arc-length this further reduces to

1

i PL(v(z+w) —~(z W
(1.3) Hy(z) := 2p.v./ <2 vzt w) ~ (@) —7”(90)) " d

y(z +w) — ()2 z+w) —y(@)]*
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Zheng-Xu He observed that (1.2) is a quasilinear equation of third order and
stated a short-time existence result for smooth curves using the Nash-Moser implicit
function theorem [He00, Theorem 2.1]. Using refined estimates, in [Blal1] we proved
short-time existence for embedded C?*®-curves by Banach’s fixed-point theorem.
Furthermore, we have shown, using a Lojasiewich-Simon gradient estimate, that
local minimizers of the energy are attractive in the sense that there is a C?t-
neighborhood of initial data for which the flow exists for all time and converges to
a local minimizer. Lin and Schwetlick [L.S10] considered the elastic energy plus some
positive multiple of the Mobius energy and the length. They could show long-time
existence for the related negative gradient flow and convergence to critical points
by essentially treating the flow as a perturbation of the elastic flow investigated in
[DKS02].

In this paper we derive an e-regularity result for the evolution equation (1.2) that
will be essential in the analysis of the long-time behavior of the flow. As for the
Willmore flow [KS02] or the biharmonic and polyharmonic heat flow in the critical
dimension [Lam04, Gas06] a quantum of the energy has to concentrate whenever a
singularity forms.

For any measurable subset A C R™ we define the localized energy
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Theorem 3.1 (e-regularity). There are constants €9 > 0 and Cy < o0, k € N,
depending only on n and E(vyo) such that the following holds: Let v, t € [0,T) be
a mazximal smooth solution of (1.2) and let ty € [0,T), r > 0 be such that

sup Ep (2)(7) < eo.
rER™

Then T > to+r3 and

[0yl < b W € (t0, 0 +17).
(rt) =

Though the structure of this result is similar to many well-known e-regularity
results for critical evolution equations, due to the non-locality of the equation one
has to develop new techniques in order to prove this theorem. These techniques will
certainly be applicable to other non-local geometric partial differential equations.
The main stategy is to consider the evolution of localized energies and derive differ-
ential inequalities. Due to the non-locality of the equation however, non-local terms
appear in these inequality which make it impossible to apply Gronwall’s lemma.
We will see that instead a ”point-picking method” well help us out.

As a first consequence of this result we prove the following concentration com-
pactness alternative for the flow.

Theorem 4.1 (Characterization of singularities). Let v € C*°(][0,T) x R/Z,R™)
be a maximal smooth solution of (1.2). There is a constant g > 0 depending only
on n and E(v) such that if T < oo there are times ti, T T, points x € R™ and
radii . . 0 with

Ep,. (@) () = €0

If a singularity occurs, then, by choosing the points x; in the last theorem more
carefully, we can furthermore construct a so called blow-up profile. It is simpler to
formulate this theorem using the intrinsically defined local energies

int

EB.,- (IU) (7)
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1 1 / /
/ (h(z) — 'Y(y)|2 - dy(x,y)Q) |’7 (‘T)”'V (y)|dxdy.

do (y,w0) <r .y (z,20) <7

Theorem 4.2 (Blow-up profile). There is an g9 > 0 such that the following holds:
Assume that v is a solution to (1.2) that develops a singularity in finite time, i.e.
T < oo and r; — 0. Then there are points x; and times t; — T such that

Let us now choose the points x; € R and times t; € [0,T) such that

sup Eglt( )(,Yt)SEglt( )(th):&_o’
T€[0,t;],z€l A i v (@ j

and let 7y; be re-parameterizations by arc-length of the rescaled and translated curves
7 (v — )

such that 4;(0) € B2(0). Then these curves sub-converge locally in C* to an em-

bedded closed or open curve Yoo : I — R™, I = R/IZ or I =R resp., parameterized

by arc-length. This curve satisfies
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This solves problem 2 of the open problems list in He’s article [He00]. In the
last part of this paper, we deduce a geometric interpretation of the Euler-Lagrange
equation of the Mobius energy. In the case of co-dimension one, He could show that
the only closed critical curves or the M6bius energy are the circles. We will see that
unfortunately the blow-up profiles are non-compact. Therefore we cannot apply
this result of He in this context. Our new interpretation of the Euler-Lagrange
equation allows us to show that the only planar solutions to the Euler-Lagrange
equation (1.5) are straight lines and circles. Combining this result with a careful
analysis of the asymptotic behavior of the flow, we can finally show

Theorem 4.8 (Planar curves). Let 79 C R? be a closed smoothly embedded curve.
Then the negative gradient flow of the Mdbius energy exists for all times and con-
verges to a round circle as time goes to infinity.

Though from the topological point of view the case of planar curves is of no
interest, the techniques that lead to this last result reduce the study of the flow
to the study of compact and non-compact smooth solutions of the Euler-Lagrange
equation (1.5) in the very intuitive geometric form (4.3). Surprisingly, in the classi-
fication of planar blow-up profile this equation is only used in one point which gives
hope that this geometric version of the equation might help to classify blow-up
profiles in other situations.

2. PRELIMINARIES AND NOTATION

As for most of our estimates the precise algebraic form of the terms does not
matter, we will use the following notation to describe the essential structure of the
terms.

For two Euclidean vectors v, w, v+w stands for a bilinear operator in v and w into
another Euclidean vector space. For a regular curve ~, let 95 = @—ﬂj‘ denote the de-

rivative with respect to arc length. For p, v € N, a regular curve vy € C*°(R/Z,R")
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and a function f : R/Z — R¥, let P#(f) be a linear combination of terms of the
form QI f % -+ % IV, j1 + -+ + j, = p. Furthermore, given a second function
g : R/Z — RF the expression P¥(g, f) denotes a linear combination of terms of the
form 0%1gx 032 f x 0B fx - %OV f j1+ -+, =p

2.1. Decomposition of the gradient and the operator . We will always
assume that our curve is parameterized by arc length at the fixed time ¢ we currently
consider. Whenever we have to estimate H we will write it as

L
(2.1) PyH
where

€

Hy(z) = 2p.v./ (27(“+w) — () — wy'(u) _7,,@) = dw

y(u+w) = y(u)]? utw) —y(u)?

1
and decompose
(2.2) Hy = Qv+ Riy+ Ryy =Qy+ Ry

where

(S

Qv(z) =2pu.

(27@ +w) = y(@) — wy/() n(x)) .

Yz +w) —y(@)* w

Riy(z) =4 / (2o + ) = () — (@) 1 - ) av

(Sl

rarte) =2 [ o) (G - e e ) 4

He observed that the operator @) can be written as a multiple of the fractional
Laplacian (—A)% plus an operator of order 2 [He00]. Let us state the consequences
of his result for the operator @) of order 1:

Lemma 2.1. For every smooth function f € C*°(R/IZ,R™) we have
- R
Qf=7> 51k
kEZ

where f(k) denotes the k-th Fourier coefficient and N\, = Z 4+ O(z). Hence, for
{ > 1 we have

2
e ~
5 1112 = 1QfIIZ: | < CIIfIIZ:.

Let us add another useful identity for the operator ) to the two identities we
already have given above. For smooth f, g we observe, using first partial integration
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and then discrete partial integration,

/Pv //1— fﬁx+TZ|)2 f//(x)dsdwg(z)dz

R/IZ
= /pv // $+TZUU|)2 f(x)g'(z)dwdz
R/IZ 1L
1
:%(/pv/ x+T:uU|)2 f(x)g’(x)dsdwdx
R/IZ L0
1
_/pv//l— $+TZ)J|)2 f(x)g'(x—l—sw)dwdx)
RAZ 10
o // (o ) P o) G0
]R/lZ -

Hence, as we do not need the principal value to make sense of the last expression
we have

(2.3) / (Qf, g)ds

R/IZ

72/ //17 flla +sw) = f@)(g'(z +sw) —g'(@) , W

w?

R/IZ —L 0

2.2. Coercivity of the Mo6bius energy and Bi-Lipschitz estimates. Of fun-
damental importance in the following is the deep connection between the Mobius
energy and fractional Sobolev spaces observed in [Blal2] which was sharpened in
[Bla16, Theorem 3.2]. We showed there that the Mobius energy of an embedded
curve parameterized by arc length is finite if and only if the curve is of class w2,
More precisely, we have

Theorem 2.2 (Characterization of finite energy curves). Let v € CY(R/IZ,R™) be
a curve parameterized by arc length. Then the energy E(7) is finite if and only if
v E W22, Moreover there exists a constant C' < 0o not depending on v such that

(2.4) V1l 5.2 < € (B()).

So especially, for a solution of the gradient flow (1.2) the W22-norm of the
gradient after reparametrizing the curve by arc-length is uniformly bounded in
time. An essential ingredient of the proof of the theorem above and the analysis
in this article is the following bi-Lipschitz estimates for curves of finite energy of
O’Hara [O’H91]. This bi-Lipschitz constant is also well-known under the term
Gromov distortion.
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Lemma 2.3 (Bi-Lipschitz estimate). For an injective curve v € W3/22(R/1Z,R™)
we get the following bound of the Gromouv distortion

dy(z,y) < 18652

B=b0) = ) — @)

If v is parameterized by arc-length, we obtain

[l < 186E51W), Ve,w € R, |w] < £
1@ +w) = y(z)] 2
Let us sketch how this bi-Lipschitz estimate was used in [Blal2] to prove Theo-
rem 2.2. For a curve y € W3/22(R/1Z,R™) parameterized by arc-length, = € R/IZ
and 0 < |w| < 1/2, we deduce using this bi-Lipschitz estimate the following estimate
for the integrand of the energy

(2.5)

1 1 w? 1 _ bhtw) @)

e+ w) =@ w? e+ w) ()P |w?|

o / i+ sw) A @2

w?

One then derives the statement of Theorem 2.2 by basically integrating this in-
equality over all z and w.

More generally, we get for « > 0 and using that the function x —
locally bounded on (0, c0) that

1—g2te .
T—22 1S

1 - hEtw) @)

|w| 1 |w[*** Wl
(@ +w) =A@ w? |y +w) — (@) |w?|
1— Iv(w+1‘U)‘—27(w)\2
<C -
- |w?|
(2'7) L / 2
<C // (x + s1w) 27 (x 4 saw)] ds1dss
w
00
i 2
<o [blotm v,
w
0

where the constant C' depends only on an upper bound for g like E(v) and «a.
Furthermore, we have

w? E( )
1 1l _nemwmomr ! _18%es —1
Yz +w) —y@)? w? w? T wr
So we get the rough estimate
1 1 OOdw
— — | dwdx < C(S —
.8 / [ (ema=er =) D]
) L>w|>Ar Ar

2=



THE GRADIENT FLOW OF THE MOBIUS ENERCY 7

2.3. Fractional Sobolev spaces and Besov spaces. In our calculation, frac-
tional Sobolev spaces as well as Besov spaces naturally appear. For an introduction
to Besov spaces we refer to the monographs [Tri83] and [Tri83]. Let f € L*(R/IZ).
For s € (0,1) and p, ¢ € [1,00) and for open subsets 2 C R/IZ we also consider the

Besov type seminorm

1
q

[5 1P (s w) = flapde)’
(2.9) |f|Bqu(BR(z)) = / ( 2 M ) dw)
Br(z)

It is shown in the appendix that

|flBs ,(Br(z) < Cllfl s, (Ban(e))
and
||f||BZ§,q(BR(m)) <C (|f|B;’q(BQR(Z))+”fHLP(B2R(I))) .

3. AN e-REGULARITY RESULT

In this section we prove the main result of this article, an e-regularity result for
the flow (1.2):

Theorem 3.1 (e-regularity). There are constants € > 0 and Cj < oo, k € N,
depending only on n and E(~) such that the following holds: Let v, t € [0,T) be
a mazimal smooth solution of (1.2) and let ty € [0,T), r be such that

(3.1) sup Ep, )(7,) <€
r€ER™

Then T > to+r3 and

C
h Ve (to,to + 7.

(rt) s
Remark 3.2. Note that the assumptions in the theorem are highly non-local. It is
a very interesting and challenging question whether one can prove a local version
of this regularity theorem.

05 vtg4ral Lo <

Clearly, one only has to prove Theorem 3.1 only for the special case to = 0 and
r = 1. Scaling and translation in time then gives the full statement.

We will prove Theorem 3.1 in three steps using energy estimates for this special
case. First we control the energy within a ball of radius 1 at later times, before
we estimate the elastic energy, i.e. the L?-norm of the curvature. In a last step
we will then bound higher order energies. The general strategy will always be
to derive evolution equations for the quantities and use the quasilinear structure
together with interpolation estimates in order to derive differential inequalities (cf.
Lemmata 3.10, 3.19, and 3.20).

Due to the non-local structure of the inequalities, though we start with local
quantities these differential inequalities are also non-local which makes the usual
application of the Gronwall’s lemma impossible. A kind of point picking method
will help us there.

3.1. Estimates for the energy density. Let us fix a radial cutoff function ¢(z) =
o(Jz|) € C°(R™) such that

XB1(0) < & < XBy(0)-
For xp € R™ we set ¢g,(x) := qﬁ(m — xp) and define the localized energy

2 20) = [[ (mtm — mas ) MO 06O @)hdady

(R/Z)?
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A straight forward calculation leads to the following evolution equation for E?.
We leave the proof to the reader.

Lemma 3.3 (Evolution equation for local density). Let v: be parameterized by arc
length and %% =V be orthogonal to v;. Then we have

d
EEd)(’Yt)
W) 2@ @ IV
2’”’_//< et e ) G @) e
oo [ ] Ol =5~ wr@) = Sh(e +u) @) Pete), Vi)

(@ +w) —y(z)|*

(@(v(z + w)) — ¢(v(2))) dwdz

. / /(n(x),V(HC» V(5 +w) + Sy (x)) — 2 O/ (v + Tw))dr) | dwdz

?
R/IZ — L
2 1 1
- //l / (roro = ~ ) V) Vet @) duds

=L +Ih+1s+14
where | is the length of ;.
In the rest of this section we estimate these terms for the case
V =Hy.

To make the calculations and formulas as simple as possible, we always assume that
the curve ~; is parameterized by arc-length at the current time ¢. We will use the
intrinsically defined quantities

Ms = Ms(t) = sup //h erw (@) dwdz,
2 2 ER/IZ -

H 57t||L2 B (z)\B —1(x))
53(x) = Sa(e.1) = 109 2y + 3 P E—
= (3 +4)?

and

oo

. 3225, o
83(x) = Sa(w,1) = [|Hw (@) 2(my0)) + D — 5ot
= (E+))

for A = 1000 - 18e 2o < 00. Note, that due to Lemma 2.3 the quantity 18e £
bounds the Gromov distortion of the curves ; for all £. Hence, A is large compared
with the Gromov distotion of ~.

To prevent complicated terms in the estimates, we will assume throughout this
section that

Ms <1.

Njw
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Furthermore, we will assume that v(0) € Bz(0) to get some preliminary estimates in
terms of the intrinsically defined quantities above. In the final differential inequality
we will use the extrinsic quantity

o0

. AN 201 (B, 42 (00\B, ()
S5t (, 1) := | HY (@)1 Z2(y-1 (81 (0))) + Z e ]

i2
Jj=1

J

in place of S3(0).
Let us start with the following easy, but useful lemma that will help us to control
the part of the integrals defining I;, i = 1,...,4 for the case that |w| is large.

Lemma 3.4. For all s € [0,1], p € [1,00) and x € Bg(0) we have

P
| (2 + sw)|? Iz 51y ©)=Bassa(0)
e dw < O sy 0 T D e

|w[>A J
Proof. The statement obviously holds for s = 0. For s > 0 we get substituting
W = sw
P )P
[y, f el [ Weror,
w w
lw|=A F2lwl>sg || >%5

|f(@)[”

w2

di

=
vV
>

11T a0\ B 0
SC”f” p(BA)+Z ( A+J( N\ Ati— 1( ))

= (A +5)?

O

We start with estimating the term I, which contains the terms of highest order.
The guideline for estimating the remainder terms will be throughout this section to
distinguish between areas where |w| is small and where |w| is big. Combining this
idea with the commutator estimates and interpolation inequalities in the appendix
(cf. Lemma A.4 and Lemma A.3) we obtain the desired estimates.

Lemma 3.5 (Estimate for I1). Let v be parameterized by arc-length, M <1, and
~v(0) € B3(0). Then there is a constant o > 0

L= /mﬂ o / Qv (@) Pé(y())dz + Ry,

R/IZ R/Z
where for all e > 0
Ry < (CM§ +2) $5(0) + C-
for some C: < 0.
Proof. We have
Hy(x) = Pyiyy (Qv(z) + Riv(z) + Roy(x))

where

(3.3) Qv(z)=2lm
Ipe

wt

(ﬂ@ +w) —y(z) —wy'(z) 'f@) dw
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iy wl?
= QH(:C),
Rirte) =4 [ + )~ 0@ (e~ )

and

o) =2 [ w0) (32 = ey =)

I

The bi-Lipschitz estimate together with «(0) € Bz2(0) tells us that ¢(y(x)) = 0 for
all © ¢ Bag(0). This yields

- [ IPH@a) ot @)is

R/I1Z

/ Q)26 (x))de + / Qv (), ') Po(n (x))dx

(3.4) R/IZ R/ZZ

< / Qv (@) 26 (v (x))dz + / (Q(2),7) d.

R/IZ —28
Using that (r,~') = 0 and that Q is a linear operator, we get

(@), 7} = [{@r(@),7")] = Qk(@),7) = Qltk, 7")](@)
42( (2) - Qleir)(@)) |

Hence, applying first the commutator estimate (Lemma A.4) and then the interpo-
lation estimates (Lemma A.3) we obtain

H<Q%7/>||L2(Bzﬂ(o))
85 <C(I8,0 4 o) 1713 i o+ IR0 (7 oo oo + 1)
l
<C( 3/252( )+M%) <C( 3/25 (o)+1)

Using Taylor’s theorem and (2.6), we get

|Riry(z)] = 4 7/1(1 — $)r(z + sw) (Mx +w“;2_ - %) dsduw
% 0

/ A 2
< C/// Kz + s1w)| 1V (z + SQU})' |z (z + s3w)| ds1dsadssdw
w

I [0,1]3
A 2
< C// |k(z + s1w)| il (z+52|w|)2 7 ()] dsydsodw
w
I, [0,1]2

= C(Ru’}/( ) + R127( ))7
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where
R11’Y / // Gw,s1, 52 dSldSde
lw|<4[0,1]2
R12’Y / // Gw,s1, 52 dsldSQd’U_}
L>|w|>410,1]2
and
! o / 2
Gu.s1.50(2) 1= |K(z + s1w)| ' (@ + s2w) — o' (@)*
- [w?
Since
2 2 19/ (- + s20) = V1258, (0))
19,31, (@) d < |18]]74 (5, (0)) |wl|?
B34 (0)
we get

[ R117(@) | L2 (B2 0))

17'(- + s2w) = ||L3(Bzﬂ(0))d dw

< Cll&llLa(Ba o)) PE

lw|<A/2 0

< C||&l Lacsaop 17 H2
MO % (a0’

Furthermore, since || = 1 we get by Cauchy’s inequality and Lemma 3.4

R(T Sw
Rar()l <t [ I |7j|2
L>|w|>A/2 0
1 2
<ol [ [ e
0 %>w2%

Nt ||H||%2(B i—Batj_1)
SC HKH%Z(BA(O))—FZ A4 Atil +1

LTt
Thus
2 - ”HHQN(BAH—BAH—H
[ Ri2v ()| 2(Bys(0)) < C H”HLZ(BA(O)) + Z (A + )2 +1
J=1

Together with the interpolation inequalities from Lemma A.3 this leads to

IRAYIZ 2 (5, (0))

> H“H%ZB i—Batj_1)
<c | 1kl2 /14 T llk|I2 4 (A+;'A+y71
< O Islzumonln iy o)+ IeliEacsyon g Ay
E2:
N9V 2By —Baty1)
< C | M3,S5 + 1|07 VHLZ(BA)JFZ (Arj)2 a+iz1) 4 g
j=1

< (CM3)p+¢) 85+ C,

11
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where we have used the Cauchy inequality in the last step.
In the same way, one deals with the term Rs to get

(3.6) 1P Rl 225500 < IRl 500 < (CM3 +€)S5 + Ce.
From (3.4), (3.5), and (3.6) the assertion follows. O
Lemma 3.6 (Estimate for ). Let M3 <1 and v(0) € B2(0). For alle >0
|Iy| < e(S3 + S3) + C.
for some C. < oo depending only on € and E(vo).

Proof. We decompose

[ [ et 96 ey @~ hi tw) )R, V)
IQQR/ZZ / Ao+ w) @]

(p(y(z 4+ w)) — d(y(x))) dwda

e w) — (@) — w0y (@) = HuPr), V()
- 2/ / (@t w) — ()]

(6(v(z +w)) — ¢(v(x))) dwd

1 / |’y x +w) —y(x)] |4|w| (k(x), V() (¢(v(z + w)) — d(y(x))) dwdz

(2 +w) — y(z)
R/lz_,

=: Ip1 + Ias.

Using the bi-Lipschitz estimate (2.5) and Taylor’s approximation up to the first
order, we get

Pl s+ sw) — w(2)]

In <C w? [V (@)]|¢(v(x +w) — d(y(2))|dsdwda

R/IZ —L O

Observing that ¢(y(z + w)) — ¢(y(x)) = 0 if both |z|, |z + w| > 206, this can be
estimated by

mso [ [ "”“(“Tfjl"(x>'|v<sc>||¢<v<x+w>>as(v(xmdsdwdz

Bpy2(0) -1 0

|k (z + sw) — k(x)]
ve [ ] / V@6 + w)) — 6((x))|dsduwdz

R/IZ I+’UJ€BA

<C / / / |k(x + sw) — k(z)] [V (2)]|o(y(x + w)) — d(y(x))|dsdwdx

Bpy2(0) -4

|k(x + sw) — K(z + w)|
ve [ / e V@il (e + w) = 60 (@) ldsduda

R/IZ I+’UJ€BA




THE GRADIENT FLOW OF THE MOBIUS ENERCY 13

|w]?

[ Inle -+ w) — w(a)| e
e / / / V@) |6y +w)) — $(y(x))|dsduwd

R/IZ x+w€E€B A
2

o |k (z + sw) — k()] B
= CB /(0) /l/ [w] [V (@)]|p(y(z +w)) — ¢(v(z))|dsdwdz
as2(0) =%

p / / |n x + sw) (x)||v(z+w)||¢(fy(x+w))—¢(7(z))|deWd~’C

|w]?

o / /|n(z+1U) k(@ )||V(x+w)||¢( (x +w)) — d(y(x))|dwdz

5o+ s10) = () o
<c sp [ [EEERE SOV s0)llo(e +0) - d((a) ldud

s1,82€[0,1]

(S

/ / |k(x + s1w) — k()] |V (z + sow)||p(y(z + w)) — o(y(x))|dwdx

lw|?
Bpy2 —1L
%
< / / Il + 31|w|) — r(@)] |V (z + sew)|dwdz
w
Bps2 -4
+ |5z + s1w) — K(2)] |V (z + sqw)|dwdz

Bayz lw|>4
Then we can estimate the first term by

Ol o IVl S B+ Cellsl?y < <(85483) +C:

2,2\ PA

where we used the interpolation estimates in Lemme A.3 and M 3 < 1. We estimate
the second term using Lemma 3.4 and then again the interpolation estimates yield

o / / Kz + s1w) |2—|—|V(Jc—i—32w)|2 ds

|w]?

TEBA /2 w>A/2

o0

Z HHHQL%BAH_BAHfl)
(A+7)?

<eS3+C. HRH%Z(BA(O)) +
j=1

> | 57|‘L2(B B ) =
< &Sz + €03y +e ST L C 1+ 3
103,00+ 3 (x4 7 : ;(Aﬂ)z

<e(Ss+ gg) + C..
Hence,

121 < E(Sg + 53) + CE.
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Similarly, we get

v (x4 s1w) — ' (x + sqw)|? _ ) dwda
1<C////] e (K@) IV @) [6(r( + ) = 6(3(z)) dwd

/ / |’y r 4+ s1w) — ' ()] |[&(2)||V (2)]|o(y(x + w)) — ¢(v(x))| dwdz

o~

|w|?
R/IZ ZL 0
2
< sup C / |7 z+51w2 7(1‘)| |I€(:C+82’LU)|
s1,52€[0,1] [l

Bpy2(0) Jw|<t 0
[V (z + sqw)|o(v(z + w)) — ¢(v(2))|dwdz
which as above can be estimated by
5(53 + gg) + C..
[l
Lemma 3.7 (Estimate for I3). Let Mz <1 and v(0) € B2(0). Given ¢ > 0 we
have R
|I3] < e(S3 4 S3) + C-.
for some C; < 00

Proof. We use that

= Cluwl?

o(y(z +w)) + 2/¢ (x + Tw))dr
0

and for = ¢ By /2(0)

|¢>(v(fc +w) + b)) — 2 / o1z + rw))dr
0

0 for |w| < |z| —28
2 for |z| — 26 < |w| < |z| + 28
2 for [a] +28 < ful

IN

to get
€
lo(v(z + w)) + oy —2]0 .T-i—T’LU))dT‘
/ 2 dw < 2
w x
%
if [z] > 4 and

1
2

/ $(y(a +w)) + d(v(x)) — 2 f, & x+m))d7‘

2

dw < C

1

2

if || < 2. These estimates then imply

L<c / Iw(@)] [V (@) + / wdm

Ba2(0) R/IZ—Bx /2(0)
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From here again Holder’s inequality together with Lemma 3.4 and the interpolation

inequalities of Lemma A.3 imply the assertion of the lemma as in the proof of
O

Lemma 3.6
Lemma 3.8 (Estimate for Iy). Let Mz <1 and v(0) € B2(0). For all € >0

|I4| < E(Sg + gg) + C..

for some C, < o0.

Proof. To estimate Iy we use (2.6) to get

) = /L/(wz+w o ) V(). Vel ) duds

N1z —L

1Y (@ + s1w) — ' (x + sow)|?
=¢ / // |w|2 [V (@)[|[Vé(y(z))|dsidszdwda

R/I1Z —1[0,1]2

/ / h 2+ sw) =y (@) |V (z)|dsdwdx

le2
Bag(0) —L O
31 :
"z + sqw) — ' (z)|*
SC |7( L )2 7( )| d:L' d’wdSHV”Lz(BQ(O)).
wl
—é 0 .’EEBQL—}(O)

Since

W=

Sj/ JRECEREECIN

1
/ _ A 4
g// [V (z +w) —+'(2)] dr | dwds 4+ C
lw]?
0 4 €B2(0)
<C(Y)? + +1),
W3 o 7Y

O

again the interpolation Lemma A.3 gives the assertion.
The final ingredient shows that the summands in gg and S3 are essentially the

same.
Lemma 3.9. Let Mz <1 and v(0) € B3(0). For all € > 0 we have

/|’H|2dx<C / |03~ ds+ CM”‘+5)53+C

B1(0) Bas(0)
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and hence especially
S3 < C(S3+1).
Furthermore, we have for all € > 0
/ 193~|2dz < © / Hy|2ds + (C’EMg + s) S5 + C-
B1(0) Bap(0)
and hence especially

S5 < CSy+ (C.Mg +¢) S+ C.

for some C. < 0o depending € and the bi-Lipschitz constant of ~. If M% is small
enough, we have
S3 < C(S5+1).

Proof. Lemma 3.5 tells us that

[ mapotnds - [ 1@aPords

R/Z R/Z

<C (Mg +2) Ss(x) + C-,

and hence especially

[ papas— [ @rpas

Bi(x) B1(0)

Let ¢ € C*°(R) be such that xp,0) < ¢ < XB,(0)- We get

||Q(’€)||L2(Bz(0 WQ( ||L2(Bz (0))
< 1Q[k] — v@Q[k] — KQ | 2By (0)) + QK] L2(Ba(0)
+ 1kQ[] | L2 (B (0)) -

The commutator estimate (Lemma A.4) and the interpolation estimate (Lemma A.3)
tell us that

QK] — ¥Q[K] — KQ[YII72 (5, (0))

= N6l 7apy, 18 )
’l/) 2 C A+j Atj—1
o>>|| I3 2,B4(0)) (A+7)?

(3.7) <C (M“ + 5) S3(x) + C..

< CIIHIIQ

2,08
<eSs;+C..
As by Lemma 2.1
QWA 2(Ba0y) < Cllvkllwr2®zy < C (10596 L2z + sl L2)
< C(10°YN 22(Baco) + 5] 22(Ba(0))

Jj=1

and
[£QU L2 (B2 (0)) < CllsllL2(B2(0))
we get using again the interpolation estimates

(3.8) IR (5,0 = QL5 (0)) < ClNOEV N L2(Ba(0) + €55 + Ce.

The estimates (3.7) and (3.8) imply the first inequality. Summing up yields the
second.

On the other hand, for a cutoff function ¢» € C°°(R) such that xz, (o) < ¥ <
X B, (0) We have ’

1@V L2y (0)) = W@V L2(B1 (0))
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which implies as above
1QVIIL2(B, 0)) = QWK L2 — 55 + C.

Using Lemma 2.1 we get
IVr)lz: < 1QWR)IZ: + 5l 725, o)) + S5 + Ce

and hence using an interpolation estimate
|‘VK||%2(B%(O)) < QW) Z2(B, (o)) + CllElIZ2(8, (o)) + 83 + Ce
< CIQWR)I72(p, (o)) + 53 + Ce.
Using (3.7) we obtain
1951323, ) < #1123, 00y + € (M5 +2) Ss(a) + Ce.
and covering the ball B;(0) by balls of radius 1 we get
IVl 3y 0y < 128007 + C (MF +¢) Sala) + C
This implies the remaining three inequalities of the lemma. (]

Gathering all the estimates above, we can now show

Lemma 3.10 (Differential inequality). For 1 > & > 0 there is a constant C. < 00
such that

d
GEsw + [ Moo < (CM5(0) +) 35700 + .
R/IZ

whenever M% is sufficiently small.

Proof. If v(R/Z) N B2(0) = (Z) we have

E¢ ’Yt / |H’Yt| o,

R/1Z

dt

since both sides of the equation are vanishing. Let us now assume that vy(z,t) €
By(0) for some x; € R/Z. Then the Lemmata 3.5, 3.6, 3.7, 3.8, and 3.9 tell us that

SE0+ [ o < (CMF 0 +2) Sulonst) + .
R/IZ
It is an easy exercise to show using the bi-Lipschitz estimate that
Ss(we,t) < CS5(0, )
where the constant C depends on the bi-Lipschitz constant of . Hence,

d
2 Pe (1) / [Hnl?6 < (CME(1) +¢) S57(0,1) + C.
R/IZ

Exploiting this result, we get

Proposition 3.11. For every § > 0 there are constants eg > 0 and C < oo such
that sup,cpn EB, (2)(Vt,) < €0 for some to € [0,T) implies

t
/ / |Hy, |2dsdr < C and  Epg, (z)(v:) <6
fo 7, (Bi(2)

for all T € [to, min{T, to + 1}) and v € R™.
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Proof. We assume without loss of generality that ¢ = 0. Clearly we only have to
show the claim under the additional assumption that § > 0 is small. Furthermore,
it is enough to show that

¢
/ / |03y, |2dsdr < C and Ep, (z)(7) <9
fo v (Bi(a)

for all 7 € [to, min{T,to + €2}) and x € R™ for a sufficiently small e5. One then
obtains the assertion in its original form by applying the preliminary result to the

rescaled flow
1 T t

&(mat): (\3/5’;2

=75 )

that satisfies by a standard covering argument
1

E v) < Cn—n
B1(0) (’Y) = (52)§

E1.
Lemma 3.10 tells us that
d
o) g0+ [ [ maPes(cage)sytc
R/IZ By /4(0)
Let us assume that ¢; is the first time such that

sup EBI (’yt1) > 0.
r€ER™

We set
t1

IMs; := sup / |Hy|dsdr.
" 1Byt
After a translation we can assume that
t1
IM; =/ / |Hy|2dsdT
0 y=1(B1/4(0))
Due to the definition of S3(z) and Lemma 3.9 we know that
t1 t1 t1
/S*ng < c/ﬁng +O(M§ + 5)/§3d7 + Oty < CIMs + C(tg — t1).

to
Integrating (3.9) and using x g, () < ¢ < XB,(0) We hence get
(310) E¢(’Yt1>+COIM3 < E¢(70)+C(5Q+E)IM3+C€151 < €0+C(5Q+E>IM3+C€t1
If C(6* 4 ¢) < %, this implies

%OIM3 < &0+ Ct.

Plugging this back into the inequality (3.10), we get for all x € R
Ep 2)(v) < Eg, (7,) < €0+ C(0% +¢)(e0 + Ct) + Cety <0

if we first chose €9 > 0 and then ¢ small enough. O
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3.2. Estimating the elastic energy. In this section we derive estimates from
the evolution equations of energies containing higher order terms. The following
lemma was proven in [Blal6]:

Lemma 3.12 (Evolution of Higher order energies). Let v be a family of curves
moving with normal speed V. Then

(3.11) 0 / |0F k2 pds = 2 /(8§+2V,aff<a>¢ds+2/<P2k(V, k)T, OF LK) pds
R/Z R/Z

—|—2/<P3k(‘/,/€),a§l€>¢d8—/|a§1€|2</€, V)gds + / |0F k| Vv dds.

R/IZ

In this section, we will derive estimates for the right-hand side of equation (3.11)
for the case that V"= —H. We use both the evolution equations from Lemma 3.12
and these estimates to bound the so-called elastic energy of the curve +, i.e. the
L?-norm of its curvature.

Proposition 3.13 (Estimate for the elastic energy). Let v : [0,7) x R/R — R",
T > 1 be a smooth solution of (1.2). There is an g9 > 0 depending only on n such
that
sup Ep, @) (7(, 1)) <eo
(z,t)eR™ % (0,1)
implies
sup / Koy |ds < C

z€ER/Z
By (z)Ny1

and
inf / |05 |?ds < C.

te[0,1]
Bi(z)

3.2.1. Preliminary estimates. To estimate the respective integrals appearing on the
right-hand side of equation (3.11) we have to distinguish as before between |w| big
and |w| small. The next lemma helps us to deal with the part where |w| is big:

Lemma 3.14. Let us assume that p € [1,00), l; € N, [; > 2, p; € [1,00) for
1=1,...7r, and let € N be chosen such that

1

|~
=)
3
L
| —
|
| =

<m—

E(v0)

For A =1000-18¢— 1~ we set

H:Zl }8“7@ + szw)}

BE dsdw.
w

g(x) ==

12 |w|>A se[0,1]"

and assume that M% < 1. Then there is a constant By, B2 > 0 such that

r 00 m . [0
P 19" Y22 (30451 Bass 2 0)

Hg”iP(Bl(O)) < C(Mgﬁ/IQ

m . [0
S S 1™ o) + D A+
1

i=1 j=

1

where 0; = p 7;7? and C' < oo only depends on n and E(7).

+C.
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Proof. Using Jensen’s inequality, we obtain
P

Olivy i
/ lg(x)|Pdx = / / / 1. 1‘ |w|2$+8 ‘dsdw dx

B1(0) B1(0) \>|w|>As€[0,1]"

L;
SC/ / / H11‘8 z+sw‘ dsdwdzx.

B1(0) I>|w|>A s€[0,1]"

As ST L = 1 , we get by Cauchy’s inequality

=0 p,
(3.12)
diy(x + "
/ lg(z |pd$_Ap / / / Yiz | | |302 si) dsdwdz.
w
By (0) B1(0) 1> |w|>A s€[0,1]"

We can estimate the summands further substituting w = sw by

iy i
/ / / | :cl +|2S dsdwdz
w

B1(0) I>|w|>A 0

ali ~\ | Pi
< / /s / wdsdwdz
w2

(3.13) B1(0) 0 A>|w|>sA

i

1
ol o)
N / / / TGRS
GE

Bi(0) 0 1>|d|>A

9" y(y)|"
< C”a 7”[;% (BA(0)) =+ / ’Tdy-

1Zly|=A/2

Applying the Gagliardo-Nirenberg type inequality (Lemma A.3), we obtain for

li—1— -
0; = p; T
)
that

li i m . (|0 3 2
10 FYHipi(Bl(O)) <Clo 'YHLz(Bl(o))Mg/Q M3/2
Scaling this inequality, we get

li k3 B
12 7|ipi(BA(o)) (|5 7||L2(BA(0))M /5 +M3§2)-

Furthermore,
‘ali’}/(y) Pi N 0o || ol
PE dy < A2 Ha {(Ba(0)) T C

I>]y[>A/2 =1

7|‘L“(AA+J 0))
(A +7)?

_0 oo
2 i~ 04 Lin 10
< CM3/2 Ha ’7HL2(BA(O)) + Z Ha 'YHL?(BA(O))
Jj=1

Pi

+ CMB;Q

From (3.12) and (3.13) the assertion follows.
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The second ingredient is the following lemma, which helps to deal with small
|w].

Lemma 3.15. Let

[ [ e

lw]<A s€[0,1]7 m1,m2€[0,1] =1

|01y (z 4+ Tyw) — Oty (z + mw)| |0Y+2y (3 + Tyw) — O 2y (x + Tow))|

5 dsdrmidrodw.
w
Lethz =1 fori =1,...7r anleZ- = liJr% fori=r4+1,r+ 2. Ifl; < m and
L — + -<m—3 for all 1=1,...7+ 2, then there is a constant o > 0 such that

gllzrma) < (CeMgys + ) (10™ |25, + Ce)

where o -
0 — Zi:l(li*l)*%
m-3

Proof. We write

/ / // Ga,1 72 (X, w)dsdr drodw

I, s€[0,1]711,72€[0,1]

where

Gs, 1,70 (T, W) H‘@l x—l—sw‘

|0ty (2 + le) — iy (x4 mw)| |02 y(z + Tw) — O 2y (w + Tow))
5 )

w
Using Holder’s inequality, we get for |w] < A

[Tz 2 10759 (- + (11 = T2)w) — O+ Lrrti ()

1957172 (w0l o acoyy < JT 10"

=1

w?

Since

Olr+iny T — T Olrt+in||2 ..,
// / [Lizioll (- + (1 2) ) — 17 SO G dry

71,72€[0,1])|w|<A

< 1

=12

) dTldTQ
w

(Lw 05+ (1 = 7)) = 0l ) ’
w

71,72€[0,1

1
a<a 107 ( + @) = 0"y, ’
// m -l I] (f <A _ PN gip | drdr
Jj=1,2

w

T1,72€[0,1]
< H 18"+ 9| B(Bsa ()
j=1,2

we obtain

lolscasion < TT l_IHal Tarsar@ IO s 5 -

As above, the assertion now follows from the Gagliardo—Nirenberg interpolation
estimates in Lemma A.3. (]
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3.2.2. Estimating the derivatives of H. For k € Ny, s € (0,1) we define

|0%9(y) — 0" y(2)?
Sk"l‘é // |y |1+2S dZdy

Ba(x)

N [0*v(y) — (=)
+ // dzdy,
; A+]) ly — 2|12 Yy

B+ (2)\Ba+j—1(z)

oo

19592800\ B
— 18~ 12 s (Batj(@)\Batj-1(2))
Si() = 1105 Zx o o) + D (T

j=1

1
ak-ﬁ-l _ ak+1 2
| v(y+w)2 7(y)| b0 (1(y))dudy.

w
R/1Z —1

As before, we will assume that v(0) € B2(0) to get some preliminary estimates in
terms of the intrinsically defined quantities above. In the final differential inequality
we will use the extrinsic quantity

k 2
emt |a ( )|
kJrs // |y — Z|1+25 dzdy

¥~ (Bi())

=y 0"1(y) — 95(:)?
+ ; I // dzdy,

PEEEE
7 (Bj+1(2)\B;(2))

in place of Sj45(0).
We start with an estimate for H. Again we use the decomposition

Hy(z) = Qy(z) + Rivy(z) + Roy(z) = Qy(x) + Ry(z)

where
o) —a [ (DI s,
/ Kl tsw) —k(@) Sk
—41;{”1/ 0/(1 Ve = ),
1 1
Rir@) = 4 [ (e +w) = () — w0/ (@) r o) du,
Il/ <|7($ +w) — ()] >

and set R = Ry + Rs.

Lemma 3.16. Let M3 < 1 and v(0) € B2(0). For all k > k there is a constant
a > 0 that for alle >0

|‘a§P’j7(R)|‘L2(B1(O)) + HafRH%Z(Bl(O < (Ce Mm + E)SZ+2( )+ Ce
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for some constant C. < oo, where 6 = %ﬁ

there is an C. < oo such that
||8f7—2 - anH%?(Bl(o)) < eSiys+Ce.

. Hence, for every e > 0 and k1 > k

Proof. First we will show that the two summands building R can be brought into
a common form and can thus be dealt with simultaneously.
To this end we first use Taylor’s theorem to rewrite

Riy(z) = 4!0/4.% + sw) <Mx - w;_ i i) dsduw.

For 5 > 0 we observe

ut+w)—~(u B
1 1 e 1 - bt
y(u+w) —yw)®  |wf  y(u+w) —y(uw)|? PE
_ o (lutw) 5 g — gltutwn@)®
v wl?

w |w]?

_ / /IG (et ) =) et )= e nlP
0 0

where
11—z
22 1—2P?

G(ﬁ)(z) .

is an analytic function away from the origin. Defining

@) (u,w) = GO (v(u +w) —v(u)) Iy (1 + 71w) 7/ (1 + o) 2

951 71,72
T w |w]

we thus get

(3.14) R~y(x / //gﬁfﬁ 7, (@, w)dT1 dTodsdw

-2 / //9071 (T, w)drdradw.

’UJGIL 0, 1]2

We now give the details of the estimate for the first term. The second term can be
estimated analogously.
We differentiate under the integral to get

O"Ryy(z) =4 / ///akgSl 1.7, (T, W)dTrdTodsdw

’LUEIZ 0, 1]2 0

- / ///akgsl 1,7 (T w)dT1dT2dsdw
|w|>A[0,1]2 0

/ ///(9’“9Sl 1 o (T, w)dTy dTodsdw

lw|<A[0,1]2 0
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The product rule and Faa di Bruno’s formula tell us that

N CRT Z Z (alw\Gﬁ)(7($ +w) — 7(50)) H 0!8y (x + w) — 9Bl (x)

gSl,Tl,TQ w2 w
l1+lo+Hl3+1l4=k FEH[I Bemw

(02t y(z + mw) — 02y (2 + w)) (0B Ty (2 + Tw) — 0BTy (x 4+ mw))
w?
where II;, denotes the set of all partitions of the set {1,...,l;}. Using the funda-
mental theorem of calculus this can be brought into the form

1
k 2.2 _ | Ay V(@ +w) = y() B|+1
azgshn,‘rz(x’w) - Z Z (8' G )(T) H 1Pt v(z + spw)dsp
l1+lo+l3+14=k 7T€Hl1 Ber 0

(0t y(x + mw) — 02y (2 + mw)) (9B T y(z + mw) — 0By (x + mw))
w2
We choose pp = p; = (#7 + 4)p and observe that

k(x4 s1w)

a%(x + s1w)

1 1
Uﬂ+1———§uﬂ+1§k+1§k+2—§
'y

K2

and 31 3 3 1
L+ <lLi+-<k+-<k+2--
Tyttt sty

Hence, we can apply the Lemmata 3.14 and 3.15 to get an estimate as claimed for
each of the summands with
<(h+b+h+h+57$f%
< A .
2

Using the identity
1
P5(R)= R~ (R,
and treating the second term in this difference in the same way as above, we get

the second estimate in the assertion.
O

Lemma 3.17. We have

105H — 05 Q117 2(Bay o)) < (C-M§ +€)(Sk+s + C2)
for suitable constants e > 0 and

1O5H ] L2 (Bas(0)) < (CeMS + €)Spas + C(My +1).
Proof. We use

Hy(z) = P,f/;’-lv(x) = Hry(z) — (Hy(x), 7' )y
together with the decomposition
H=Q+R

to write
where P$ denotes the projection onto the tangential part.

Lemma 3.16 tells us that

0¥ P R|7. < C(M5 + €)Sks + Ce.

To deal with the term containing ) we use P$Q = (Q7,7)y" . Leibniz’s rule

yields

0% ((Q, 7)) = (05Q. v\ + I,
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where I; is a linear combination of terms
Q05705295
with ki, ks, ks € No, k1 + ko + k3 = k and k2 + k3 > 1. By Holder’s inequality the
L?-norm over Bag(0) of all these terms can be estimated by
CllQIT Y 2By 1957 | 4 (B 10527 | L4 (B
As in the proof of Lemma 3.9 we see that
1QOZ VI L2(B2s(0) < CIOZT™ Y L2(Bus(0)) + k43 + C-.
Hence, the interpolation estimates give
Il S ESk_;’_% + CE'
We now pick up the argument from the proof of Lemma 3.5 to estimate the term
(05Qv, )

Using the linearity of @), we can rewrite

n

<a§Qa v) = Z<Q[a§"€i]%{ - Q[aff%%{]-
i=1

Form Lemma A.4 we then get

108517

Grjez !

05 Q7. 7)Y l282(0) < C | 1051 4 IVl 4 +y

B2(Bs(0) | BE(Bs(0)

+ Cl1OF KN 2By (o)) (1Y lco (B (o)) + 1)
< (CeMg)y +€)SE 5+ Ce

3.2.3. Estimate of the highest order term.
Lemma 3.18. If M3 <1 and ~(0) € B2(0), we have

- / (05T Hry, 08 K) dds < —Myi7/2(0) + CME S, 1(0).
R/IZ
Proof. The main strategy is, to use partial integration to move 1 + % derivatives
from the term 0*2H to the term 0%k. But before, we want to get rid of the
projection onto the normal part contained in the definition of H. We have
HY(x) = Py (Qy(@) + Ry ().

Let us first deal with the terms containing R. Integration by parts gives

- / ok+2 (P¢(I>(Rv(x))) OF kpds = / ght (P¢(I)(Ry(x))) O+ kpds

R/IZ R/IZ

[ okt (P (Ba(a)) dkwo'ds,
R/IZ

which we can estimate using the product rule, Holder’s inequality and Lemma 3.16
by
2(k+1)+3

(CM§ + g)sk:g“ 0%k L2 < (CM§ +€)Spy g + Ce.
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So we get

(3.15) - / 0+ (P (By(2))) s < (CMF + )8y, 5 + C.

R/IZ
To estimate fR/lZ@f”PV%Q, OFk)pds we write
Py Q(z) = Qv(z) — (Qv(2),7 ()Y (x) = Qv — PJ.Q.

Using

11
(z + sw) — () (k(z + sw) — K(z))
(@v(= =2 dsdwdz
/ZO/

w?

we get from the Lemmata 3.14 and 3.15

2k+3

105 PLAQ) 728y (0)) < C(Mg + €)S;:f§+4)-

Hence, Cauchy’s inequality implies
(3.16) - / ST PL QO kpds < eSy 1 + Ce.
R/IZ

The term fR/lZ<6f+2Q, 0 k)ds can be rewritten using (2.3) as

/ (0512 Qry, 0F ko)ds = / (QO K, 0% k) pds
R/IZ R/1Z
l

2///1 1057 z”wl 8§+1“($)|2¢(7(z))dsdwdz

w
R/1Z —1

0
/ / (1= Ol ) — O ) G0+ 5w) = 60 i s dsduda,
-1 0 v

R/IZ

We observe that

I 1
k+1 _ ak+1 2
///(l—s)Ias H(SC+SU)>2 0. rlw)] o(x)dsdwdz
w
R/IZ —1 0
1
k. k+1 2
> /// 6 x+sw)2 ARG dsdwdzx
w
B1(0) —1 0
1 sl
k+1 =\ _ ak+1 2
> / /175)5/ 195 H(z+w~)2 05" r(z) dwdsdx
W
B;(0) O —sl
k1 k+1
> ¢ / /|6 :C—i—w — O lg(z)? dide
B1(0) —1

2 COMH%(O)-
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Furthermore, we decompose

/ /1/1(1 s (OF 1 k(2 + sw) — 05T k() (d(y(z + sw)) — d(v(x))) O (e + sw)dsduwdz

w?

R/IZ -1 0O
1

] [ Juo

Ba(0) |w|=A O
1

o ] foo

BA(0) [w]<A 0

|06 k(@ + sw) — O k()]

2 |0F k(2 + sw)|dsdwda

|05 k(2 + sw) — 08 k(x)

ol | |0F K (z + sw)|dsdwdz
w

We use Lemma 3.14 and Lemma 3.15 to estimate the first term and the second
term by

Se g My~ + My

k+7
where 6 = 2];;?:1% < 1. Hence, Cauchy’s inequality yields
1) = [ (05200 0)ds <~y 5(0) + eSpg +C

R/IZ
The inequalities (3.15), (3.16), and (3.17) prove the statement of the lemma. O

Lemma 3.19 (Differential inequality for Energies of higher order). For everye > 0
there is a constant Cc < oo depending only on £,n and k and cx, > 0 such that

O / |afn|2¢ds + CkMkJr% < C(Mg + E)SZ?% (0) + C-..
R/Z

Proof. From (3.11) we get

(3.18) o / |0F k|2 pds = 2 /<8§+2‘/,8§n>¢ds+2/<132k(v, k)T, 0" k) ds

R/Z R/Z

b2 [(PEVR) 0bwods — [0k (e, V)ods + [ 1056IV v ods
R/1Z
Lemma 3.18 gives
2 / (OF2V, 0k k) pds < —MH% (0) + (Mg +€)eSgy s + Ce.
R/Z
Let k1+ko = k. Holder’s inequality, standard interpolation estimates and Lemma 3.17
give
/ OV x 021 x 7% 05 s < [|0FV | 1082 | 14 95
R/1Z
< C’(M%Y + E)SH% + C;
and hence
/(PQk(V, r)T, OF LK) pds < C(MS + €)Skyz + Ce.

Similarly we get the estimate

/<P§(V, k), O k)gds < C(MS +2)Sy, 1 + Ce.
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and
[ 10k vds < [05RIEAIVilze < (CoMS + Sy g + Ce.
R/I1Z
Hence, we have

2/(P2k(V, k)T, 8§+1m)¢ds +2 /(P;(V, k), 8ff<a>¢ds

_ / 105k |2 (5, V) s + / 08| Vy éds < 528, 1 + C- (Mf + 1)
R/IZ.
Together, these estimates imply
9, / 0w |2gds + Ny, 1 (0) < C(M§ +2)Syp g+ C.
R/Z

As Spyz < CSZfZ we get the assertion. O
2
3.2.4. Proof of Proposition 3.13. We get from Lemma 3.19

O / |[§|2(de =+ C()M% (0) < (CgMg + E)(Szzt(l') + CE)
R/Z
Integrating this inequality and using that M 3 <¢e< 1 we get

1

[ tnalots o [ 330,00

R/1Z T

(3.19) / Ky, |*pds + (Ceel + € /Sezt x, t)dt + Co (1 — 7)
R/IZ

/ |k, |2ds + (Ceel + & /S”t x,t)dt + Ce(1 — 7).
R/IZ

Integrating again over 7 € [0, 1] yields

11

=

1
/|n%|¢( Yds + (Ceeg + €) //S?tztdthjLC(lf'r)
0 R/IZ 0 T
1
2

/|va|¢( Yds + (Ceeg + €) //Se“ztdwrc
0

0 R/IZ T

We can estimate the first term, using interpolation estimates as in Subsection 3.1,
by

C /S”gltdt—k 1| <C(IMs+1)
0
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which is bounded by Proposition 3.11. Assuming that

and using that

1
sup //Sezt:cthdt // 7 ( Othdt<CIM7
z€R/IZ J 2

cOIM% < C+ (Ceef + E)IM% + C..
Choose first € > 0 and then gy > 0 sufficiently small, then we get
Iﬂfg < C.

we deduce

Plugging this back into (3.19) we get the assertion

3.3. Estimates for higher order energies. It is tempting to just iterate the
above argument to get control on higher order energies. Unfortunately, one would
have to adapt €1 in each of the steps which would not yield to the desired result.
Instead we improve the differential estimate from the end of the last subsection
assuming that Ms is finite. By literally the same argument as in the proof of the
Lemmata in the last subsection but interpolating in all the arguments between
W52 and W22 instead of W*3:2 and W32 we get

Lemma 3.20 (Differential inequality for Energies of higher order). For everye > 0
there is a constant C. depending only on e,n and k and a constant ¢y, > 0 such that

exr ﬁ
Oy / 0% k| pds + kM, z(0) < (sSkth% + C. M) )
R/Z

Now we are finally able to conclude the proof of the e-regularity theorem. We
prove inductively the following statement

Proposition 3.21. There is an €y > 0 and constant Cy < oo such that

sup Ep, ()(70) < €0
ZER”’

implies

sup (|05 Kyl 22 (81 () <
rER™

k 1
t3 72

Proof. We prove by induction on k that

Ck
102 k|28 e < 573
3 2
and
sup /M,H_z(:c,t)dt < tkaB.
2 372

rcR”

1

2
Again by scaling properties of the solution it is enough to show these inequalities
for t = 1. Let us fix g > 0 such that we can apply Proposition 3.11 and Propo-
sition 3.13, i.e. such that the Mobius energies on balls of radius 1 are small and
the elastic energy on unit balls is bounded for times larger than t = i. Hence, the
statement is true for k = 0.
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Let us assume that we have the bound claimed for £k — 1 and let ¢t = % By
Lemma 3.20 for every £ > 0 we have
(3.20) o / 05 k[26ds + el 4(x) < =S + C
R/Z

Integrating the inequality, we get for all 0 < 7 < 1 that

8]%1 qﬁds—i—ck M= (x,t)dt
+k
R/7Z
1

< / 0% k- |2 dds + E/Szf% (z,t)dt + Cc(1 —t)

R/Z T

We integrate this inequality for 7 € [i, %] to get

=

1
1 -
1 / I8§m|2¢ds+ck/ My (z, t)dtdr

R/Z 1 7
// 0% k|2 qbdsdth—l—E//S”t x,t)dt + C..

4
R/Z

-

Since interpolation estimates yield

N[

/ / 0% k- |2 pdsdtdr < C/ Sems + 1)dt < C sup /(M(k_lH_%(x,t) +1)dt<C
i]R/Z rER Z

by the induction hypotheses, we deduce that

31
(3.21) / |0% k1 |2 ¢ds+clc//M7+k x, t)dtdr < C+€//Szit%(1',t)dt+cs.
R/Z i 17

Let us now assume that the supremum

IMy 7 = sup //M,Hz(x,t)dt
TER" 2

is attained in the point = 0. Since

//Se“ (z,t)dt < CIM, 1,

we deduce from (3.21)
[MkJr% < EIMkJr% + C..

Choosing € > 0 small enough and absorbing, we get
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Hence, especially
1

/S;fz (z,t)dt <C Vz eR".

=

Plugging this back into (3.21), we derive

/ |08k (5,1)|?¢ppds < C Vo € R",
R/Z

O

Proof of Theorem 3.1. Using scaled Sobolev embeddings we get the claimed esti-
mates from Proposition 3.21 as long as the flow exists. So the only thing left is to
show that 7' > 1. But this follows by standard methods from the uniform estimates
in Lemma 3.21. O

4. APPLICATIONS

4.1. Blow-up profiles. Using Theorem 3.1, we get the following classification of
finite time blow-up

Theorem 4.1 (Characterization of singularities). Let v € C*°(][0,T) x R/Z,R™)
be a maximal smooth solution of (1.2). There is a constant g > 0 depending only
on n and E(yo) such that if T < oo there are times t, T T, points x, € R™ and
radii . . 0 with

Ep, (x)(7t) = €0

Proof. Let us assume that T < oo and that there is an » > 0 such that for all
t €10,7) and all z € R"™ we have

Ep,, @) (7 (1)) < €o.
Then Theorem 3.1 would tell us that T' > ¢; + 7“5-’ — T + 3. O

Picking the concentration times more carefully, we can construct a blow-up pro-
file at a singularity. As mentioned in the introduction, we localize the energy
intrinsically for this purpose, i.e. we work with Eg‘f(z) instead of Ep (). We do
this for the simple reason that E?f(m) is continuous in r and =z.

In the rest of this article we will expresse from time to time the integrals occurring
as integrals over the image

Ty =~ (R/IZ,1).

Theorem 4.2 (Blow-up profiles). There is an €9 > 0 such that the following holds:
Assume that v is a solution of (1.2) that develops a singularity in finite time, i.e.
T < oo and r; — 0. Then there are points x; and times t; — T' such that

Let us now choose the points x; € R and times t; € [0,T) such that

sup BB’ o (v,) < BB’ () = €0,
T€[0,t;],x€l " ! i !

and let 7y; be re-parameterizations by arc-length of the rescaled and translated curves

vy O, — )
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such that 4;(0) € B2(0). Then these curves sub-converge locally in C* to an em-
bedded closed or open curve oo : I — R™, I = R/IZ of I =R resp., parameterized
by arc-length. This curve satisfies

i
2

PLGW ) W
(4.1) pﬂ/<2|ﬂm—wuw “>>W@>—wmwo veel,

and
Elﬁnlt(o) (:Yoo> > £g.

Proof. The first statement is an immediate consequence of Theorem 4.1 and the
bi-Lipschitz estimate (2.5). We consider the rescaled flows

~(j 1
7(j)(x7 t) = 7"_(7(1', T?t + tj) - ZL']')
J
for t € (f%,O] which still solve Equation (1.2). Under the assumptions of the

theorem we get

in ~(J tj
EBlt(O) (’th> <e Vte [*r—é, 0],
j

and hence from the bi-Lipschitz estimate

(i t
Ep, @) <e Ve (=500
J

Hence we can apply Theorem 3.1 to find
1053/l < O

for all k € N and ¢t € [f:—ﬁ +1,0). As —:—g — —o00, we can use the theorem by

Arzela-Ascoli to get, after going to a subsequence,

Y=
locally smoothly in time and space. Since all derivatives of v, are uniformly
bounded we furthermore deduce that

Hioo () :p.v,/ (2137L ((y) —9@) H»Y(x)) — dy

v(y) —~(=)[? y) — ()

is well defined. Furthermore, we have

0
(42) [ [ e @Pdsit = By, )~ E,) 0
—50 R/1,Z

for some subsequence j and hence after going to a subsequence
HYD (z) = 0

pointwise almost everywhere. We now show that
Hy; — HYoo

pointwise. For this purpose we again use the decomposition

Hy = Qv+ Ryy + Rayy.
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1
|w]?

we get that the integrands of both, Ri(7;) and Ra(y;), are uniformly bounded. As
all the integrands also converge pointwise to the integrands of R; (7o) and Ra(veo),
the dominant convergence theorem yields

R(’Yj) — R(’Yoo)

For the integrand of Q we use Taylor’s approximation up to order 2 to get

}

S C’min{HIiHLm(BR(I),

Y@ +w) = (@) —wy' (@) = Jwy" (@) _ Jy (1= )" (@ + sw)ds
w w
and write
Qv [ 1w,
R/IZ

where

1 2 1 ) —~"" (2)ds
I(z,w) := T € S G B CO L lw| <1

2w
I(.’L‘,’LU) L fo (1—=s)vy" (z+sw)—~"(z)ds

= T else .

The mean value theorem tells us that |I(z,w)| < Cl|v""||p (B, (2)) if |w| < 1, and
I(z,w) < w?||¥"||L=~} else. We get using the dominated convergence theorem
Q7; = QYoo. This completes the proof of

HAY = Hio

pointwise.
We get in view of (4.2)

0
//|H%o|2d7-£1(x )dt < hm/ / |H (") () |Pdadt = 0.

—6o T —00 R/1I4Z

Since 4+ is smooth, we obtain H7,, = 0. Furthermore, the local smooth conver-
(int)

gence together with £/, (T;) = €0 implies

int -
E(El(g)(roo) > ¢o.

O

Using the evolutionary attractivity of critical points proven in [Blall] we can
further show that the blow-up profile cannot be compact.

Proposition 4.3 (Blow-ups profiles are never compact). The blow-up profile con-
structed in Theorem 4.2 cannot be compact.

Proof. Let us assume that Y., was compact, i.e. that 7., € C°(R/IZ,R") for
suitable I. Then there would be a subsequence of ¥; converging smoothly to the
critical point 9 of E. Since furthermore E(y:) > E(Js0), we get from [Blall,
Theorem 1.5] for all t € [0,T"), that for j large enough the flow 3; exists for all time
and converges to a stationary point of E - which is contradicting the assumption
T < o0. (Il
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FicUurge 1. This picture shows the two circles playing a role in
the geometric interpretation of the Euler-Lagrange equation of the
Mobius energy: The blue circle is the osculating circle at x while
the red circle is the circle going through « and y and being tangent
to I at x.

4.2. Planar curves. For a regular curve v the curvature vector k is given by

"

y ') v

Ul
which is equal to 7" if v is parameterized by arc-length.

Given two points x,y € I there is either a unique circle or a straight line — which
we like to think of as a degenerate circle — going through ~(z) and y(y) and being
tangent to v at . Note that this is the same circle used to define the integral
tangent-point energies. We denote by kr(z,y) the curvature vector of this circle in
x and set kr(z,y) = 0 if the tangent on I in z is pointing in the direction of y —
which is the curvature of the straight line.

Lemma 4.4. We have
Py%(m)('}/(y) = ()
[v(x) = v(y)[?

Proof. If the vectors 7' and y(x) — y(y) are co-linear, both sides of the identity
obviously vanish. So we can assume that Pj(l)(v(y) — v(x)) # 0. The circle
going through v(x) that is tangential to 7 in the point z with curvature vector
k = aP*(y(y) — v(x)) is the set of all points z € R™ satisfying
K 1
2 —1(a) — Tl = oy
k20 |k[?

H’Y(xvy) -

This circle contains y(y) if and only if

2(&7(%)2— 7(y))

()~ (@) = :

Thus, « = ———=2——- which proves the lemma.
[v(z) =7 (W)l 0

Using Lemma 4.4 we immediately get the following geometric interpretation of
the Euler-Lagrange equation (4.1)

Lemma 4.5 (Geometric interpretation of the Euler-Lagrange equation). The curve
~ parameterized by arc-length satisfies Hy = 0 if and only if

. Ky (2, y) — Ky(7)
4. lim 7 ) an (y) =
(43) i A ) = 0
F\BE(I)

forallz € 1.
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In codimension one, (4.3) is equivalent to

. (hy(@,y) = Ky (@) (@) 0y, o
(4.4) Jiny R dH'(y) =0
I/B.(x)

where n is a unit normal along v We are now looking for situation that imply
that the integrand on the left hand side of (4.4) has a sign and thus must vanish
identically. For € I in which the curvature of v does not vanish, we denote by
OB(x) the open ball whose boundary is the osculating circle along v in z, i.e.

K
OB(.Z‘) = B\n(la:)\ (7(1}) + W) .
Lemma 4.6. If there is a point x € I such that
OB(z)N~(I)=10

or

1) € OB(a)
then

I' = 00B(x),
i.e. I' is a circle.

Proof. fT' N OB(z) = 0, we get

<"€F($ay)’n(l‘)> < <"€F($)an($)> )

and if I' C OB(x)
(kr(z,y),n(x)) = (kr (), n(z)) .
So in both cases
(kr(,y),n(x)) — (kr (), n(z))
has a sign that is independent of y € I'.
Since H~y = 0 implies

[ @ @)
BN Iy (y) =~ (@)
I'/B. ()
and the integrand has a sign, we get
((ky(z,y) = Kiy(2)), () = 0
for all y € I'. But this implies
Koy (2, y) = £y ()
for all y € T which by the definition of kr(x,y) implies that
y € 00B(x).
O

Theorem 4.7. Let T : I — R? be a properly embedded smooth curve parameterized

by arc-length satisfying
oo, / Ba(@.y) = ma (@) )

/ v(y) — ()

Then v is either a straight line or a circle.
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Proof. Let us assume that v is not a straight line. We will show that then there is
a point z € T with x(z) # 0 and

OB(z) N~(I) =0,

where OB(z) is the open ball surrounded by the osculating circle on v at z, i.e.

y— <v($)+|:((Tx))|2> < @}

Then the statement follows from Lemma 4.6. We construct this point as follows:
As T = ~(I) is not a straight line, we find a point x; € T' with kr(z1) # 0. Let n
be the continuous unit normal field pointing in the direction of kr(x1) at the point
z1. Then either OB(xz1) NT = @ in which case we set © = z;. If on the other hand
OB(xz1) NT # 0, there is a ball By C OB(z1) touching I' in 27 and at least one
other point. Let 2 be one of these touching points nearest to 1 and let T'; denote
the closed curve consisting of the arc of I' between z1 and z and the part of the
boundary of By that makes this curve C' and let {2; be the open set bounded by
this curve.

We now start an iterative scheme in order to find the desired point x. So let
22 € T be the point on the part of the curve between 27 and 2} which divides this
arc into two parts of equal length. Note that x5 ¢ B;. We choose

OB(z) := {y cR?:

1
ro :=sup{r: B, (1'2 + ;n(zg)) c M}

Then either By = B,,(x2 + %ng) touches I' in x up to second order and we set
x = x5 and have found our point x. Or we can chose z, € T'; to be one of the
nearest points on I'; touching By = B, (r2 + %ng) But then zf, must belong to
the arc of T between x1 and z since else Bs touches By from within and hence
Bs C Bj - which is not possible, as z9 € Bs but xs & Bi. Hence,

1
(45) dF(-TQa:LJQ) S §dl—‘($1axll)'

Then we repeat the construction above, and either get our point x in a finite
number of steps, or get a sequence of points x;, z; and balls B; N'T" = @) such that
B; touches I in x;, x}, the intervals x;, 2} are nested and the diameter of the balls
B; is bounded by the diameter of I'; and from below by

-1
160 {2111l o > 0
In the latter case, there is a point x € I" with
r = lim z; = lim 2
11— 00 11— 00

and it is well known that )

()]

i —

1
We get for every r < Eol that

B, (x + %n(z)) C B,

for n large enough. Hence,

1
B,NT=0 Vr<—
k()
which implies
OB(z)NT =0.
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Using the characterization of the solutions to (1.2) we can now show

Theorem 4.8 (The evolution of planar curves). Let vo C R? be a closed smoothly
embedded curve. Then the negative gradient flow of the Mobius energy exists for all
times and converges to a round circle as time goes to infinity.

Proof. Let us first prove the long time existence of the flow. Assume that a singu-
larity occurs after finite time. Then we construct a blow-up profile 7., as described
in Theorem 3.1. But Theorem 4.7 implies that this blow-up must be a circle or
straight line - which is not possible due to Proposition 4.3 and Eglt(o) (J0) # 0.
To prove the statement about the asymptotic behavior of the flow, we let for

t € (0,00) and g9 > ¢ > 0 small enough the radius r; > 0 and z; € ~; be such that
Epint (e (1) = Sup Epin (@) (1) = €.
et

Let us assume that

. 2T L8
(4.6) M :=liminf —2* < ©
te[0,00) Ty

Then we can choose a sequence t; — oo such that
rthr%T?j < 2Mry,

As in Theorem 4.2, let 4; be re-parameterizations of the rescaled curves

1
7’_]- {%ri‘%T?j ~ Ttytgrd }

by arc length such that %;(0) = 0. Then these curves 7; sub-converge locally
smoothly to a curve 7y, satisfying Hvy. = 0 which is not a straight line. Hence,
due to Theorem 4.7 v is a circle. Since 7;, — Yoo smoothly we get that for j large
enough, the flow starting with 4; converges smoothly to a circle as times goes to
infinity. Hence, the same is true for ;.

Let us assume that (4.6) was wrong and let L; denote the length of the curve
~¢. Then for every A > 0 there is a tg such that Tig L > Ary for all ¢ > tg. We

iteratively define t;11 := t; + 377 where r; := r(t;) and get

(4.7) r; > Ay, .
Scaling our a priori estimates in Theorem 3.1 we obtain
C
Hyi| £ ——5—
[Hsl (i t)%rg
for all times t € t + (0,7}) and hence
d d c
— |, L] <2 — Ly < —= .
‘dt|tt t = SUP‘dthﬂ = (t—t)érf

Integrating this inequality we obtain
3
Ly, < Cr—g + Ly < CLy.
¢
Hence,
Li;11 < CLy,
and thus
rj < Ly, < C7 Ly,
which contradicts (4.7) for A > C and j large enough.
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APPENDIX A. BEsov SPACES, COMMUTATOR ESTIMATES AND INTERPOLATION
INEQUALITIES

For the convenience of the reader, let us gather some well-known and not so
well-known facts about Besov-spaces in this section. We will stick to the notation
used in [Tri83] and will assume that the reader in familiar with the definition of the
Besov-spaces B, ,(R") on R™ and the respective spaces B, ,(£2) on smooth domains
) C R™ as defined in Section 2.3.1 and Section 3.2.2 of [Tri83].

Essential for our analysis is the following characterization of these spaces using
finite differences. For an arbitrary function f : R™ — R these are inductively
defined by

(ALf) (@) = flx+h)— flx), (ALf)=ALAL florl=23,. ...
Furthermore, for a set 8 C R™ we set Qp,; = ﬂézo{z €N:x+jh e}

Lemma A.1 (Equivalent norms, cf. [Tri83, Section 2.5.12, 3.4.2, and 2.5.10 ]).
The following estimates hold:
(1) For0 < p,q<o00,s>ap ::n(m - 1). If M > s and M an integer,
then

\ JAY FlLP@" o
1 £1B2, RS = [ Fll o) + / e

is an equivalent quasi-norm on By  (R™).
(2) If @ C R™ is a smooth domain 1 < p < 0o, s > 0 and k,l integers with
0<k<sands<l+k, then

1By o (1P = I FILP(©)]

L 1S
Q=

dh
I o

[ 18hor s |
R Qh,l

2

lal<k

LP(Q)

is an equivalent quasi-norm on B, (€2).
As an easy consequence, we get

Lemma A.2. For1 <p,q<oo and1 > s> 0 we have

q

M|Tp q
/ 1A% ||1;L|7Ef51q(0))| dh | < C|f|Bs,(Ba(0))]

B1(0)

and

Q=

AI\/[ Lp B 0 q
Bz o) <o | [ 1S,

B2(0)

Proof. From the definition of the norm, we deduce that there is an extension f of
f1B2(0) such that

/1

Bs (B0 < IIFllBs @) < 20 fllBs (Ba0))-
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Lemma A.1 gives

Q=
Q=

HA}ILM|LP(B1(O))H(I r / HA}Iszle(Ran
dh < || fILP(R™)]| + dh
/ |h|n+sq || | ( )H |h|n+sq

B1(0)
< O||f|B;o(R™)|| < C|| | By 4(B2(0))]]-

To get the second estimate, we extend f|B1(0) to a function f such that

71 5oy < 1N ,@ny < 20 £ (Bao))-

and argue as above. (I

We will now state the following interpolation inequalities in Besov-space. Since
it seems to be hard to find a proof of this result in the literature, we include a proof
here for the sake of completeness.

Lemma A.3 (Interpolation inequalities). Let Q C R™ be a smooth bounded domain.
If 0 < 51 < 82 < 83 and p € [2,00) satisfy sop — 5 < 81— % < Sy — 5 then

1F1B5: ()] < CUFIB (DI [1£1B32()]°

P1,9

for all q € [1,00] with C = C(s,p,q,?) and 0 = w

S2—S80

Proof. By [Lun95, Proposition 1.3.2] we have to show that the real interpolation
space

(B35 (), B35(2))e.1

is continuously embedded in Bp!,. But this is indeed the case, as
(B5%(2), B3%(Q))on = B3 1 ()

with § = (1 — 6)sg + 0s2 = s1 + 7 — % > s1 by [Tri92, p. 204] and the Sobolev-
embedding for Besov spaces [Tri92, p. 196] tells us that B3 () is continuously

embedded into B, () C B;! (Q) for all g € [1,00]. O

One of the most important tools in this article is the following commutator
estimate.

Lemma A.4 (Commutator estimates). For f,g € C([—A, A]) we have

1QLfg] — 9QLf] — RIglllLr (5,200
§C<|f| 1

3 lgll
B, 2(Ba(0)) " B, 5(BA(0))

oo

2 2
4 Z Hf||L2p(BA+j+1(O)\BA+J'(O)) + Hg”LQP(BA+1+1(O)\BA+J'(O))
(A+j) '

Jj=1

Proof. Remember that

Since

Q*[f9] — 9Q°[f] — £Q°[g]
4
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/ / (1- (z + sw)g(z + sw) — f(z)g(x) - (f(z + sw) — f(2))g(x) — (9(x + sw) — g(2))f(x)

e _ g It sw)g(a + sw) — [z + sw)g(e) - f@)g(z + sw) + f(a)g(x)
=p. / /(1 )

|w[?

dw

w]? v

_ / /1(1 Ul sw) = f@)loe + sw) — g(w)
1L 0

we get

1Q°[f9] = 9Q°[f] = FQ°[9)ll Lo (o)

o / /1(15) [ (Ul sl oY )

|w]?
B1(0)

§C/ //( o) Sl oY, | g,

B1(0) — L
cof ] [ (eamsesasay
ol [ (Lerwosee @)Y, o

B =

<l

T dw

o (f( +w) — F@) gl +w) ~ @) "
s} a1 53 + 5
42 B4 2(Ba(0) |w|

B1(0) |w|>4
Factoring out the product in the term and using the Cauchy inequality, we can
estimate it by

o [ [ [ e, )y, [ ([ e e,
w? w?
lw|>A \B1(0) |lw|>A \B1(0)

S =
[

dw

||f||%2p(B \Bas;_1) T g/l L2e(Bas s\ Bat—1)
< Ol I oa 0I5 + 2 B e —

jJEN
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